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HOMOGENIZATION OF HEAT TRANSFER PROCESS IN COMPOSITE
MATERIALS

LE NGUYEN KIM HANG

ABSTRACT. In this paper, we adapt the periodic unfolding method to study the asymp-
totic behavior, as € tends to zero, of a class of stationary heat problems on composite
materials consisting of two connected constituents which are e-periodically distributed.
The nonlinear transfer condition on the interface is assumed to depend on a real pa-
rameter v. We first survey compactness results and the relationship between the traces
of two unfolding operators corresponding to the two components. Then, we study the
homogenization and corrector results for the problem for the different values. The ho-
mogenization result for the case v = 1 completes the previous works in the literature.

1. INTRODUCTION

In this work, we investigate a heat diffusion problem in composite materials with a nonlin-
ear transmission condition on the interfacial barrier depending on a real parameter . More
precisely, we study the asymptotic behavior, as € tends to zero, of the following problem:

—div (A°Vug) + A (z,u5) = f in QF,

—div (A°Vu§) + h§ (z,u5) = f  in QF,

—A*Vu§.n§ = A°Vu§.ng = 7 Lhe (z,u§ —u§) on I'¢,
ui =0 on 0NN, i=1,2,

where v < 1 and n§ are the unit outward normal to the two connected components 2 of
an open bounded set © in R™ (n > 3) for ¢ = 1,2. These components are separated by an
e-periodic interface I'*. We assume that the heat source f € L?().

The boundary condition (P), means that the heat flux through the interfacial barrier is
continuous and defined via a nonlinear function A of the temperature difference between the
two components of the composite. This assumption is motivated by experimental results
(see for instance [4]). The nonlinear terms are given by h$ (z,us) = h; (x/e,us) for i = 1,2;
he (z,u§ —u§) = e th(z/e,uf —u§) if v = 1 and h® (x,u§ —u§) = h(x/e, (u§ — u§)/e) if
~v # 1, where the functions h, h; and ho satisfy some natural growth assumptions.
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In order to study this problem, we adapt the periodic unfolding method to a domain
Q consisting of two connected components ] and 5. Let us remind that the periodic
unfolding method was first introduced for fixed domains by Cioranescu, Damlamian and
Griso [5, 6] and then extended to perforated domains [9, 7]. Later, Donato, Le Nguyen
and Tardieu [15] adapted this method to two-component domains (including a connected
component and an unconnected component). In the latter paper, two unfolding operators
were introduced: 77 (originally denoted by 7 in [9, 7]) acting on Q5 and 75 acting on 25,
including the relationship between their traces on the common boundary. One important
feature of these operators is that they map functions defined on oscillating domains into
functions defined on fixed domains. The results in [15] have been recently improved by
Donato and Le Nguyen [16].

Here, we consider the case where both two components of the domain are connected. Such
a domain appears in [18], where a linear model of diffusion in fissured porous media was
studied and in [28], where a similar thermal diffusion problem was suggested. In contrast to
these studies where only one of two components can reach the boundary of the domain 2, we
allow both components to meet the boundary. This is probably a more natural assumption.

In the present work, we study the homogenization and corrector results for problem (P) for
v < 1. The presence of the nonlinear terms hq, ho and the nonlinear transmission condition
on the interface coupling heat equations on two components make the main difficulties.
The case v < 1 was studied in [16] with the assumption that one of two components is
unconnected. For v = 1, the nonlinear jump condition is described somewhat differently
from that in [16]. Homogenization result for this case was announced without any proof in
[28]. Here, we show its detailed proof by unfolding.

Since Q5 has the same geometrical structure as €, the operator 75 inherits the com-
pactness results associated with 7 stated in [7, 16] (see Theorem 2). As a result, the
homogenization results for problem (P) are not the same as those in [16] for some cases. In
particular, the homogenized problem for v < —1 keeps the same. The situation is different
for the case v € |—1,1] where the unfolded limit of the problem contains an additional
integral term since the unfolded limit of the gradient of the solution is different from that
in [16] (see (3.1) in Theorem 2). For v = 1, the corresponding homogenized problem is a
system solved by the solution (u1,us), whose existence and uniqueness are proved by the
Minty-Browder theorem. Consequently, we will show in detail the results only for the cases
v =1, €]-1,1]. For the other cases, we only point out different points. It should be also
noted that in this work, the case v > 1 is not considered due to the fact that the solution
of the problem is not bounded. We refer to [14] for the idea of renormalization on the heat
source f in the component €25 to obtain a nontrivial limit behavior in this case.

For related linear homogenization problems of elliptic type, we refer the reader to [2, 3,
17, 18, 20, 23, 24, 25, 26, 27]. Parabolic problems can be found in [11, 12, 13, 19, 21, 1, 29].

The remainder of this paper is as follows. In Section 2, we introduce the problem and the
assumptions. Section 3 is devoted to the periodic unfolding method for domains consisting
of two connected components. Finally, we show the homogenization and corrector results
for the problem for different values of the parameter v in Section 4.

2. PRELIMINARIES

2.1. Notation. Let 2 be an open bounded set with a Lipschitz continuous boundary in R™
(n>3) and Y :=[]"_,[0,1;[ be a reference cell with I; > 0, ¢ = 1,...,n. We assume that
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Y1 and Y5 are two disjoint connected open subsets of Y with the common boundary I" such
that Y7 and Y3 reach the boundary 0Y (see Figure 1). Set

I
1 1 1
1. fo
1 1
A -4 =
AT T =
-~ —
-~ L

FIGURE 1. The reference cell Y

Yo =T UT,, 8Y;=TUTy,

where I'; for 4 = 1,2 are the intersections of the boundary 0Y5 with 9Y and assume that T';
is identically reproduced on the opposite faces of Y. Then, the two connected components
of © are defined as follows:

QF =0\ | v, 95=0\0], I1°=00in0Q
keK.

where K. = {k € Z"| eV} NQ# 2, i=1,2} and V) =Y, + (kily, ... kyln), i = 1,2.
In order to define the unfolding operators, we follow the notations introduced in [7, 15]:
o K.={kez" eYrcQ}, Q.=int U e(+Y), A =0\,
~ ~ kek.
o Q5= | eVF,  AE=Q5\05, =12
ke[?e
In the sequel, we denote € by a positive real sequence which tends to zero and ¢ by a
constant independent of €. The following usual notations are also employed:
il .
(] 91 = , L= ]., 2,
Y . .
e u: the zero extension to the whole Q) of a function u defined on Q5 or Q5,

° X, the characteristic function of each open set w of R"™,

1
M, (f) = Tl [, f dx, for any open set w of R"™ and for any f € L' (w),

[z]y = (kili, ..., knly) with ki, ... k, € Z such that {z}, := 2z —[z]y, € Y for a.e.
z € R",

M (a, 3,0): the set of the n x n matrix-valued functions A in (L> (0))™" such that,
for any A € R",

(A(@)A\N) > a|A® ae. in O,
|A (2) A < B|A| a.e. in O.
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2.2. Problem. Let the function f € L? () and the matrix field A belong to M (a,3,Y)
with a, € R, 0 < a <. Assume that A is Y-periodic, then we define

A®(z) = A(z/e) in .
Our goal is to describe the asymptotic behavior, as ¢ — 0, of the following problem:
—div (A*Vus) + 5 (z,u5) = f in QF,
—div (A°Vu§) + h5 (z,u5) = f in QF,
—AfVuS .n§ = A*Vus.ng = e he (z,uf —u§) on ¢,

uf =0 on INNIN, i=1,2.

(2.1)

where v < 1 and n§ are the unit outward normal to the two components €2 for ¢ = 1,2. The
nonlinear transmission condition on the interface coupling heat equations on two components
is described via the function h® in (2.1), defined by

he (z,u§ —u§) = e th(z/e,uf —u§) if vy =1,

h® (w,uf —us) = h(z/e, (uf —u3)/e) if v # 1,
and the remaining nonlinear terms are given by h¢ (x,uf) = h; (z/e,us) for i = 1,2, where
the functions h, h; and ho satisfy the following assumptions:
{ h  satisfies assumptions (H1) - (H3),

2.2
(22) hi, ho satisfies assumptions (H1) and (Ha),

with (H1)-(H4) given below (see also in [16]).
Assumption H;: The function g (y, s) : R” x R — R satisfies assumption (H;) iff
(i) g is a Carathéodory function,
(ii) g (-, s) is Y—periodic for all s € R,
(iii) g (y,-) is an increasing function in C* (R) s.t. g (y,0) = 0 for a.e. y € R".
Assumption Hs: The function g (y,s) : Y x R — R satisfies assumption (Hs3) iff there
exists a constant ¢ > 0 and an exponent ¢, with 1 < ¢ < min {2, ﬁ} such that

<c (1 + \S\qfl) for a.e. y € Y and for all s € R.

dg

Assumption Hs: The function g (y,s) : ¥ x R — R satisfies assumption (Hs3) iff there
exists a constant ¢ > 0 such that

sg(y,s) >cls|>  forae ye€Y and for all s € R.

Assumption H,: The function g (y,s) : ¥ x R — R satisfies assumption (H4) iff there
exists a constant ¢ > 0 and an exponent p, with 1 <p <400 ifn=2 and 1<p< Z—fg
if n > 2, such that

dg

s (y,8)| <c (1 + |s|p_1) for a.e. y € Y and for all s € R.
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2.3. Existence-uniqueness result and a priori estimates. Let us first recall some nec-
essary functional spaces introduced in [16].

Definition 1. For every v € R,
HY ={u= (ur,u2)| uy € Vi, ug € Vy'}
equipped with the norm
Jullys = Vs ) + V02 2 ) + €7 s — uzlaeey
where V£ = {v e H* (Q5)| v=00n 90NN}, for i = 1,2, endowed with the norms

ol = 1Vl pa(as) -

Remark 1. (i) As seen in [7], it should be noted that the Lipschitz condition of 02
implies that for every open subset y; of R™ such that  C oy, and 902 N QY =
a0 N Qg

Vi = {v € H'(Q5)|3v" € HY(Q,), v/ =0in Q5,\Q5 and v = 1}’|st}7

where Qf; = Qo;\ Ujezn €Y/, for i =1,2.
(ii) The norm |||« is equivalent to H||H1(QE) by constants independent of ¢ since the

Poincaré inequality holds in the space V;° with a constant ¢ independent of ¢, i.e.
”UHL2(Q§) SCHVUHLQ(Qf) Yve Ve, fori=1,2,
(see [7, Theorem 2.9] for more details).

We now provide an existence and uniqueness result and a priori estimates for the solution
of the problem in the spirit of Theorem 2.6 and Proposition 2.7 in [16].

Theorem 1 ([16]). Let the function h satisfy assumptions (H1), (H2) and the functions hq,
ho satisfy assumptions (H1), (Ha). Suppose further that h or ho fulfills assumption (Hs).
Then, for every fized e, the variational formulation of problem (2.1) given by

Find u® = (uj,u3) € H such that

Js
(2.3) +/

Q
-,

has a unique solution u® € HZ,.

A*VuiVu der/
Q5

vﬂﬂa@)m+ﬁ“/(m7wﬁﬂaﬁ*@)w

€

A*VusVuy der/ v1hi (z,ul) dz
21

€
2

fur der/ fva dx ¥ (v1,v2) € HY
Q

€
2

€
1

Remark 2. On contrary to the problem studied in [16], where 5 is not connected, the
uniqueness result for the solution of problem (2.3) does not require the assumption that h
or hs is strictly increasing thanks to Remark 1.
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Proposition 1 ([25]). Let v < 1 and assumptions (2.2) hold. If u® = (u§,u§) is a weak
solution of problem (2.1), then there exists a positive constant ¢, independent of €, such that

{ (V5. Va5)l| ) 2 ) < ©

(2.4) i
[u§ = 5|l papey < ¢ €77/

3. UNFOLDING METHOD FOR DOMAINS CONSISTING OF TWO CONNECTED COMPONENTS

In this section, we first recall the definition of the unfolding operators 7%, 75 and 7,°
introduced in [7, 15, 16]. As mentioned before, since the component Q5 has the same
geometrical structure as §2f, the operator 75 possesses the same compactness results as
those of 7¢ presented in [7, 15, 16] (see Theorem 2). This leads to some simplifications
in the results concerning the traces of the two unfolding operators comparing to the one in
[15, 16] (see Theorem 3). The result concerning the composed operators 77 ohj still keep the
same, but the one related to 75 o h§ is stronger than that in [16], due to the connectedness
of Q5.

3.1. Definition.

Definition 2. For any function ¢ Lebesgue-measurable on 25, the periodic unfolding op-
erators T, i = 1,2 are defined by the formula

x o~
7;5(¢) (il?,y): { (b(E |:g:|y+<€y) a.e. (x’y)eQEXY'i,
0 a.e. (z,y) € Ae X Y;.

For any function ¢ Lebesgue-measurable on I'; the periodic boundary unfolding operator
TS is defined by the formula

10) (5 [g}y + Ey) ae. (x,y) € Q. x T,

Ty (0) (z,y) = {
0 ae. (x,y) € Ac x T

For the sake of simplicity, we write 7% (¢) instead of T2 (<p| Q;), 1 = 1,2, for any function

 defined on €.
The following proposition states the important properties of the unfolding operators,
whose proof can be consulted in [7, 15].

Proposition 2 ([7, 15]). Forp € [1,4], the operators T, i = 1,2, are linear and contin-
uous from LP (Q5) to LP (2 x Y) and
(i) T (o) = TE (p) TE (V), for every functions @, ¢ Lebesque-measurable on QF,
(ii) for every p € L (),
1
v [ T dd= [ e@ = [ o do- [ o@
Y] Jaxy: Qs Qs As
(iii) for every ¢ € LP (),

1
172 ()l oy < V177 Il agar)

Moreover, for p € [1,+00], one has
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(iv) for every ¢ € LP (£2),
TE (0) — ¢ strongly in LP (2 x Y;),
(v) if {pe} is a sequence in LP (Q) such that . — @ strongly in LP (), then,
TE (%) — ¢ strongly in LP (2 X Y;),
(vi) if ¢ € LP(Y;) is a Y -periodic function and ¢ (x) = ¢ (x/€), then
T (©°) — ¢ strongly in LP (Q X Y;),
(vii) if oo € LP () satisfy T (pe) — @ weakly in LP (Q X Y;), then
P — 0, My, (p) weakly in LP (),
(for p = 400, the above result holds in the weak™* topology),
(vili) if o € WP (), then Vy [TF ()] = €T (Vo) and T () € LP (Q, WP (V7).

Let us now recall the adjoints of 7 and 75, which are needed to study the corrector
results for the solution of the problem. Their properties can be found in [7, 15].

Definition 3 (the averaging operators). For p € [1,40o0], the averaging operators Uf :
LP (2 x Y;) — LP (25), ¢ = 1,2, are defined as follows:

1 x x .

— [, P - ;9= d ... z e,

U: (@) (z) = |Y|fY <€[E}Y+EZ{€}Y) °ome mER

0 a.e. x €A
Remark 3. Uf are almost left-inverses of 7.2, ¢ = 1, 2, which means that, for any ¢ € LP (QF)
p(z) ae ze€ (Alf,

Us (7 () (x) =

0 a.e. €Al

3.2. Compactness results. Due to the connectedness of 5, the operator 75 possesses
the same compactness results as those of T presented in [16] as follows:

Theorem 2. For any v € R, if u® = (u5,u§) is a bounded sequence in HZ, then, there exists
a subsequence (still denoted €), u; € H} () and u; € L* (Q, H},, (Y3)), i = 1,2 such that

P
T () — strongly in L (Q,H1 (}/7)) ,
3.1) { T (Vi) = Vu; + Vi weakly in  L?(Q x Y;),
1
Z5 = =T (uf) = Mr (77 (uf))] = yrVu; + 0 weakly in - L* (Q,H' (Y;)),
€

where Mr (4;) =0 a.e. in Q.
Furthermore, if v < 1, we have

(32) Uy = Ug.

Proof. The convergences (3.1) are contained in Theorem 2.13 in [7]. The proof of equality
(3.2) is similar to that in [15, Theorem 2.18]. O

Let us emphasize that the convergence of 75 (Vu§) given in (3.1) is not the same as that
in [15, 16], where the limit of 75 (Vu§) in L? (Q x Y2) is V, Uz with Uy € L? (Q, H' (Y2)).
And then, by similar arguments as in [15], the relation between the traces of the unfolded
limit of uj and wu§ is given below.
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Theorem 3. Lety € R and u® = (uf,u3) be a bounded sequence in HS. Then, there erists a
subsequence (still denoted €), u; € H§ (Q) and u; € L* (Q, HL,, (Y;)) such that My (u;) = 0
a.e. in ) fori=1,2 and the convergences (3.1) hold.

Moreover, if v < 1, then uy = ug and

(i) if v < =1, we have
(3.3) U =y onQxT,
(i) if v = —1, there exists & € L* (Q) such that
T (i) = T5 (u)

(3.4) -

— Uy — Us + & weakly in L? (QxT).

Remark 4. The results here is not the same as the one in the case of [15, 16], where there
is an additional term yrVu; in the limit (3.4).

We conclude this section by showing the limit behavior of the unfolded Nemytskii oper-
ators related to the nonlinear terms h; and ho, which are crucial to prove homogenization
results. The assumption that both components can meet the boundary makes the proof
more technical, the same as that in [16, Proposition 4.7(i)].

Proposition 3. For v € R, let the function hy and hy satisfy assumptions (Hi1), (Ha). If
u® = (uf,u3) is a bounded sequence in HS, then there evists a subsequence (still denoted €)
and uy, uz € H} () such that

() T (hS (z,uf)) — hy (y,u1) strongly in LY/P (Q x Y1),

(i) T (h (z,us)) — ho (y,us) strongly in LY? (Q x Y3),

where
t = max{2,p} if n=2,

te [max{Z,Z—f%},Q*[ if n>2.
Moreover, if v < 1, then u; = us.

Remark 5. Note that the convergence result concerning ho is different from that in [16],
where the convergence (ii) takes place in L?/P2(Q x Y3) only for v < 1 with 1 < py <
min{2, Z—fg .

4. HOMOGENIZATION AND CORRECTOR RESULTS FOR 7 € |—1, 1]

We present here only the homogenization results for v = 1 and v € ]—1, 1] separately,
which are different from those obtained in [16].

For the case v < —1, the results keep the same as those in [16], although the convergence
results in Theorem 3 are different from those in the case where Q5 is unconnected. As in [16],
the presence of the nonlinear function h of the solution jump is a challenging point in the
homogenization process and Theorem 3 is essential to overcome this difficulty. Note that for
v = —1, in the unfolded limit problem the function uy belongs to L?(; H,,,.(Yz2)) instead of
L?(Q; H*(Y2)). Let us also remind that this case is a difficult one due to identifying the limit
of the unfolded interface term since we have only the weak convergence of 7,7 (uj — u§) /e
in L2(Q x T'). Then, as studied in [16] we choose a suitable sequence of test functions to
overcome this and then the homogenized matrix is described in a more complicated way via
a nonlinear function related to the correctors.
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4.1. Homogenization result for the case v = 1. For this case, thanks to the strong
convergence result of 75 (u§), we can pass to the limit in the unfolded term concerning the
nonlinear function hg, while in [16], we cannot do that and therefore assume that hge = 0. As
in [18, 28], the homogenized problem is a system in the solution (u1,uz). In order to prove
the existence and the uniqueness of this solution, we apply here the Minty-Browder theorem
together with the lemma about the ellipticity of some homogenized matrices as follows:

Lemma 1. Let AQ/ and BS be the matriz field given by:
(4.1) AQe; = 01 My, (Ae; — AVX, ), Blej = 0:My, (Ae; — AV, ),

where the correctors Xy and Xy j=1,...,n, are the unique solutions of the cell problems,
fori=1,2,

—div(A (y) V(Xij — yj)) =0 mn Y;,
(4.2) Aly) V(xij —y;)mi =0 on T,
X, Y — periodic, Mr (Xij) =0.

Then there exist two positive numbers ay, ag such that for any A € R™,
2
(Ag)‘v /\) > |)‘| )
2
(BINA) > oz |

Proof. The proof is similar to that of Proposition 6.12 in [8] with the remark that I'y, T'y
are identically reproduced on opposite faces of Y. O

Theorem 4. For v = 1, let assumptions (2.2) hold. If u® = (u§,u§) is the solution of
problem (2.1), then there exist u; € Hj (), ; € L? (Q, H),, (Y;)) with Mp(@;) =0 a.e. in
Q, fori=1,2, such that the convergences (3.1) hold and (uy,us, U1, Us) uniquely satisfies:

1 o~
vl Z /Q . A(y) (Vu; + Vyu;) (Vi + V,@;) dr dy
i=1,272%Yi

1 1
(43) ¢ + 7 / hi(y,wi) i doe dy + — h(y,ur —u2) (g1 — ¢2) dx doy,
Y| .57, Jaxy: Y| Jaxr

= /Qelfgpl dl‘—l—/gegf(pg dz Vo; € Hy (), V®; € L* (Q, H),, (V7)) , i =1,2.
The pair (u1,uz) is the unique solution of the following homogenized system:

—div (A9Vur) + 01 My, (b (-u1)) + [ Mr(h(u = ug)) = 61 f in Q,
(4.4) —div (BIVus) + 0o My, (ha (- un)) = fA Mr(h(u —us)) = b2 f in €,

up =ug =0 on 012,
with the matrices Ag and BY defined by (4.1).

Proof. Let us take v; (z) = ¢; (z) + ew; (z) ¥5 (x), i = 1,2, as test functions in (2.3), where
i, wi € D(Q), i € Hy,, (Y3), and ¥f (2) = ¢; (z/e).
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From the definition of the unfolding operators, one has, for ¢ = 1,2
TF(vi) — ¢ strongly in L2 (2 x V),
(4.5) T (Vo) = T (Vi) + e T (Vwi) + Vydi T (wi)
— Vi +V,®; strongly in L? (2 x Y;),

where @; (z,y) = w; (x) ¥; (v).
Then, by unfolding

1

Z AEVusvi de = Z — AW TS (Vui) T (V) dz dy

i=1,2 i=1,2 |Y| QxY;
(4.6) — Y (y) (Vu; + V@) (Vi + V, ;) dzdy,

i=1,2 |Y| Q><Y
and
/ fu; de = — TE ()T (v) de doy — Z /F)fgai dx.
i=1,2 112‘Y| QxY; i=1,2

On the other hand, using the convergence results given in Proposition 3 provides

(18 Y /hxu vde = 4_2% hi (y, T (uf)) T (vi) dax dy

i=1,2 QxY;

— hi(y, u;) @; dx dy.
121:2 ‘Y| QxY;

Taking into account the trace properties and the convergences (3.1); in Theorem 2, we have
T (u§ — u5) — up —up  strongly in L*(Q x T),
which implies, by the classical result in [22],
Ry, T (u5 — u§)) — h(y,u1 —ug) strongly in L2/9(Q x I).

Hence,
T . c 1 €(,,E € €
6/ h(g,ulfug) (v1 —wve) do, = v /o Fh(y,%(ulfw))ﬁ (v1 —v2) dx doy
€ X
1
(4.9) = W e h(y,u1 — uz) (g1 — p2) dx doy.
X

By virtue of the convergences (4.6)-(4.9), we pass to the limit as ¢ — 0 in the variational
formulation (2.3) for (v, v2) chosen as above. Then using the density arguments, we obtain
the limit problem (4.3).

We are now in position to identify the homogenized problem solved by ;.

Firstly, we choose ¢1 = ¢3 =0 in (4.3) and get

1

/ A(y) (Vu; + Vyiiy) Vy®; do dy =0, V®; € L? (% H,,,.(Y7)),
|Y| QXY;

i=1,2
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which provides, for i = 1,2,
divy [A (y) (Vi (2,9) + Vi (1)) =0 ae. in Qx Vi,
A(y) [Vt (z,y) + Vu; ()] n; =0 a.e. on Q x T,
u; (z,+) Y-periodic, Mr (u;) =0 a.e. in Q.

Then, the forms of u; and us are given as follows:
8u1 3“2
4.10
( ) Z 8.% ) I Z ax] ) ’
where Xy, and Xy ;0 j =1,...,n, are the unique solutions of the cell problems (4.2).

Next, taking ®; = & = 0 in (4.3) we have

1
/ A(y) (Vus + Vi) Vs do dy + —
QxY;

¥ Z/Qm (y,us) @i da dy

=1,2

Y

1=1,2

1
ol h(y,us —us) (91 — pa) dw doy = Y [ Oifoide Vi1, 05 € Hy ().
Y| Jaxr oo

By substituting (4.10) into (4.11), we deduce
Tl

Y| (901 — o) Mrph(-,u1 — ug) dz

/ ANVui Ve da + / BIVuyVy da +
(4.11) +91/ <p1./\/ly1h1(~,u1) d$+92/ @QMYQhQ(',Ug) dx
Q Q

:/91f<p1 dz+/92fs02 dx, V1,2 € Hy (Q).
Q Q

Then, (4.4) follows from (4.11) by choosing ¢1 = 0 and 2 = 0 successively.

Now, let us pass to proving the existence and the uniqueness of the solution (w1, us) of
problem (4.11), which implies that the convergences (3.1) hold for the whole sequence ¢. We
apply the Minty-Browder theorem for the operator x defined by

kiu=(up,uz) € Q= Hy(Q) x Hy(Q) — Q'

where

(k(u), ) 00= / A° AVu1 Vo, dx—i—/ BOVUQVg@ dx + ||Y|| (p1 — @2)Mrh(-,uy — ug) dx

+91/ 1My, hi (-, ur) d$+92/ oMy, ha(-, u2) da
Q Q

—/91f<p1 dx—/Hzfsaz dz Yo = (p1,p2) € Q,
Q Q

with the space Q equipped by the following norm

2 2 1/2
lellg = (IVerllza (o) + IIVe2llz20)) Vo = (p1,92) € Q.

It is necessary to remark that if h (y,-) : R — R is continuous and monotone for a.e. y €
R™, so is the function 6 : R — R defined by § (s) = Mr (h(:,s)). Then, the continuity and
monotonicity of My, hy(-,s) and My, ha(-,s) in s follow from assumption (#;). Moreover,
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Lemma 1 gives the ellipticity of the matrices A9 and BY. Thus, it is straightforward to
prove that the operator  is bounded, continuous, monotone and coercive so that problem
(4.11) has a solution (uy,uz) € H} () x H}(Q). The uniqueness of (uy,us) comes from the
fact that if u and v are two solutions of (4.11), we have (k(u) — k(v),)g o = 0 for any
@ € Q. Then, taking ¢ = u — v and using the ellipticity of Ag and BS together with the
Poincaré inequality in H} (), one derives that u = v.

Hence, (4.4) admits a unique solution (u1,uz2) and (4.10) provides the uniqueness of ;
for 4 = 1,2, which implies the convergences of the whole sequence in (3.1). |

4.2. Homogenization result for the case v € |-1,1].

Theorem 5. Let v € |—1,1[ and assumptions (2.2) hold. If u® = (u§,u§) is the solution of

problem (2.1), then there exist uy € Hy () and 4; € L? (Q, H,, (Y3)), i = 1,2, such that
TE (us) — wy strongly in  L? (Q,H' (Y;))

(4.12) { T (Vus) = Vuy + Vyu; weakly in  L? (Qx Y;),

where the triplet (uq, U1, Us) is the unique solution of the problem

Find wy € Hj (Q),74; € L* (2, H},, (Y3))

per

with Mr (4;) =0 a.e. in Q such that,

1 ~
(4.13) 4] > /Q AW (Vur + V@) (Vo + ¥, @) do dy
’ i=1,2 XY
1
i:zl,2 |Y‘ QxY; ( ! O ( ) ( )

Vo € Hy (Q), V&; € L* (Q,H,,, (Y3)), i =1,2
and uy s the unique solution of the following homogenized problem:
—div ((AY + BY)Vur) + 61 My, (hi (-;ur)) + 02 My, (ko (,u1)) = [ in Q,
(4.14)
uy =0 on 01,
with the matrices AY and BY defined by (4.1).

Proof. The proof is similar to that in [16]. The only difference is that here, the limit of
T (Vus) in L2(Q x Ys) given by Theorem 2 is not zero anymore, so that an additional
integral term over €2 x Y3 appears in the unfolded limit (4.13). Then, the coefficient matrix
of the homogenized problem is the sum of the ones in the two independent Neuman problems
(4.2), which is different from the one given in [16, Corollary 5.10]. a

Remark 6. For v € |—1,1], by unfolding, we have the convergences of the temperature field
and the flux as follows:
us — O;uy weakly in  L2(2), i = 1,2,
2

)",
()"

(4.15) AE@E — AYVu; weakly in (L
A*Vus — BVuy weakly in (L2

Moreover, if v € ]—1, 1], then u; = us.
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4.3. Convergence of the energy and corrector results.

Theorem 6. Under the assumptions of Theorem 4 for v = 1 and the assumptions of
Theorem 5 for v € ]—=1,1], if u® = (u,u§) is the solution of problem (2.1), then we have the
convergence of the energy

lim( A*VuiVu§ dx —l—/ A*VusVus dx)
Qs Q3

e—0
(4.16)
|Y| Z / ) (Vu; + Vi) (Vu; + Vyu,) do dy,
i=1,2 QxY;
and
hn(l)(/ |vu§\2dz+/ \Vu§|2d3:) —0,
(4.17) A Ag

T (Vui) — Vu, + V,4;  strongly in L2 (QxY;), fori=1,2.

Moreover, the following corrector results hold

0
vU’l vul + Z ul (aU1) th { }Y — Oa
£2(9)
(4.18) Dy
sz Vus + 2112 (a ) vy, ({2 }y) o) — 0.

Furthermore, if v € |—1,1[, then u; = us.

Proof. The above results are proved due to similar arguments as those used in [6, 7, 15].
For the case v = 1, the strong convergence of the unfolded solution sequence 75 (u§) makes
the proof simplier than that in [15]. O

Remark 7. For the case v < —1, the convergence of the energy and the corrector result for
the solution is the same as those in the linear case [15]. The case ¥ = —1 remains an open
problem due to the fact that the weak convergence of (77°(uf) — 75 (u3))/e does not allow
to pass straightforward to the limit in the nonlinear term h.
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