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ON THE MODULUS OF CONTINUITY OF SOLUTIONS TO THE
n-LAPLACE EQUATION

ANGELA ALBERICO - ANDREA CIANCHI - CARLO SBORDONE

ABSTRACT. Solutions to the n-Laplace equation with a right-hand side f are considered.
We exhibit the largest rearrangement-invariant space to which f has to belong for every
local weak solution to be continuous. Moreover, we find the optimal modulus of continuity
of solutions when f ranges in classes of rearrangement-invariant spaces, including Lorentz,
Lorentz-Zygmund and various standard Orlicz spaces.

1. INTRODUCTION

The aim of the present note is to announce some recent results dealing with continuity
properties of local weak solutions to the n-Laplace equation in domains in R”, with n > 2.
Let © be an open subset of R™ having finite Lebesgue measure |2]. Without loss of

generality, we suppose that |2] = 1 throughout. We deal with local weak solutions u €
W () to the n-Laplace equation
(1.1) —div (|Vu|""2Vu) = f(z) in Q,

where f is a function from (Wln(Q))*, the dual of the Sobolev space W1m((Q).
A function u € Wn(Q) is called a local weak solution to equation (1.1) if

n—2 . —
(1.2) /Q|Vu| Vu-Vedx /qude

for every ¢ € W™ (Q) [ L ().

Precise regularity properties of local weak solutions to the n-Laplace equation (1.1) have
been the object of a number of contributions over the last few years (see, e.g., [1, 4, 9, 11,
12, 17]). In particular, in dimension n = 2, a local weak solution u to (1.1) is known to be
continuous if f belongs to the Zygmund space L(log L)(£2) [1, 4] (we refer to Section 2 below
for the necessary background on the function space framework involved in our discussion).
By contrast, if n > 3, the continuity of w is not guaranteed under the corresponding assump-
tion f € L(log L)"~1(£2), as shown by counterexamples contained in [11]. A strengthening
of this assumption has been shown in [11] to suffice for the continuity of local weak solutions
to (1.1). Further refinements are contained in [12].
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Among other results in connection with solutions to (1.1), we are able to complement and
enhance statements of [11] and [12]. In particular, we prove that a condition on f ensuring
the continuity of solutions to (1.1), exhibited in [12], is in fact also necessary. Moreover,
we improve a result on the modulus of continuity of solutions when f belongs to Zygmund
spaces, established in [11], and find the optimal one.

With this regard, we prove that any local weak solution u to (1.1), with f € L(log L)"~1+¢(Q),
is locally uniformly continuous in € if € > 0, with a modulus of continuity not exceeding

(1.3) (1 + log %>7ﬁ near 0

(see Theorem 9, Section 3). In [11], the weaker conclusion was derived that solutions u have
a modulus of continuity bounded by

3m

(1.4) (1 + log %)_ near 0.

Moreover, we show that the modulus of continuity ¢ given by (1.3) is optimal.

More generally, we investigate on continuity properties of local weak solutions to the n-
Laplace equation (1.1) with f in various classes of function spaces. We provide conditions for
the right-hand side f, in customary classes of rearrangement-invariant function spaces, for
local weak solutions u to be continuous. The relevant conditions are also shown to be sharp
in most cases. Moreover, we find the optimal modulus of continuity of local weak solutions
to (1.1) when f belongs to customary families of rearrangement-invariant spaces, including
the Lorentz-Zygmund spaces L™ (log L) (Q2), and various standard Orlicz spaces.

As a matter of fact, all the above-mentioned results for local weak solutions to the n-
Laplace equation are special cases of more general theorems which hold for local weak
solutions to the p-Laplace equation

(1.5) —div (|VuP™2Vu) = f(z)  inQ,

with2<p<nand f € (Wl’p(Q))*.

However, in order to simplify our exposition, here we limit ourselves to deal with the case
when p = n. This is in fact a borderline case, which presents some interesting peculiar
features.

We refer the reader to the forthcoming paper [3] for a detailed presentation of our contribu-
tions, and for the proofs of our results. Let us just mention here that our approach combines
pointwise gradient estimates for the gradient of solutions to p-Laplace type equations es-
tablished in [14], Sobolev type embeddings into spaces of continuous functions from [8], and

one-dimensional Hardy type inequalities involving various Banach function norms which can
be found in [7, 10].

2. BACKGROUND

In this section we recall a few basic definitions and properties about functions and function
spaces that we will take into account.

Let Q be a measurable subset of R having finite measure (without loss of generality, we
suppose that |©2] = 1), and let g be a real-valued measurable function in Q. The decreasing
rearrangement of g is the function g* : [0, +00) — [0, +00] defined as

g*(s) =sup{t > 0: |{zx € Q:|g(z)| >t} > s} for s > 0.
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In other words, ¢g* is the (unique) non increasing, right-continuous function in [0, 400)
equidistributed with g. By ¢** : (0,400) — [0,+00] we denote the function given by
g (s) =1 [ g*(r)dr for s > 0.

A quasi-normed function space X () on  C R™ is a linear space of measurable functions
on €2 equipped with a quasi-norm || - || x (o) satisfying the following properties:

(@) lgllx@ >0if g #0;
A9l x @) = [Alllgllx (@) for every A € R and g € X(€);
lg + hllx) < clllgllx@) + 7l x()) for some constant ¢ > 1 and
for every g, h € X(Q);

(ii) 0 < || <|g|a.e. in Q implies ||h]|x ) < [l9llx@);
(iii) 0 < gr /" ga.e. implies ||grl|x ) / l9llx () as & — +oo;
(iv) if G is a measurable subset of Q and |G| < oo, then ||x¢| x ) < 00

(v) for every measurable subset G of Q with |G| < oo, there exits a constant C' such that

Jis ol d < Cllgllxe for every g € X ().

We denote by x¢ the characteristic function of a measurable subset G of 2, and we define

||9||X(G) = HQXGHX(Q)

for every measurable function g on 2.
Moreover, we denote by X;,.(€2) the space of measurable functions g in Q such that [|g|| x () <
oo for every compact set G C €. If the relation (i) holds with ¢ = 1 the functional || - || x(q)
is a norm which makes X (€2) a Banach space.

A quasi-normed function space (in particular, a Banach function space) X (Q) is called
rearrangement-invariant if there exists a quasi-normed function space X (0, |2|), called the
representation space of X (), having the property that

(2.1) l9llx @) = ||9*||Y(o,|m)

for every g € X (). Obviously, if X(Q) is a rearrangement-invariant quasi-normed space,
then

(2:2) l9llx @) = [hlx@) if g*=h".

We refer to [5] for a detailed exposition of the theory of rearrangement-invariant spaces.
Note that, for customary spaces X (£2), an expression for the norm ||- || o) is immediately
derived from equation (2.1), via elementary properties of rearrangements.

If X(Q) and Y (Q) are rearrangement-invariant spaces, then

(2.3) X(Q)cY(Q) ifandonlyif X(Q)—Y(Q).
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Let v be a weight, namely a non-negative continuous function on (0,+00) and let us
denote

(2.4) V(t) = /Ot v(s) ds for t € (0, 00).

Let 0 € (0,400) and let v be a weight. We define the so-called classical Lorentz spaces
A?(v) and T7(v) and the weak Lorentz spaces A% (v) and T'7>°(v) as a space endowed

with the quantities
1
l9llae ) = ( / (4" ()" (t) dt)

1/o

1/o

lgllaeoe )y = sup g*(£)V(t)
0<t<1

lgllre ) = (/01 (g™ ()7 v(t) dt)

lgllrecw) = sup g**(£)V()!/7
0<t<1

(2.5)
1/o

for a measurable function g in 2. Note that, by Fubini’s theorem,

~ 1 (s
(2.6) I Iooy@ = Il i@y where o(t) = [} 42 gs.

Likewise, for o € (0, 00),

I sy = I - lav=@)@ s
(2.7) where  (t) = 1V(t)7 "tu(t).

|-l wy@) = I+ [l )@
The quantities defined in (2.5) are not always norms. For example, for o > 1, ||gl[a- () (@)
is a norm if and only if v is non-increasing. For o € (1,00), A%(v)(Q2) and AZ>°(v)(§2) are
equivalent to a Banach space, respectively, if and only if

(2.8) t° /tl s7v(s) ds < C/Ot v(s) ds

for some C and all ¢ > 0.
Furthermore, for o = 1, A'(v)(Q2) and A1*°(v)(2) are equivalent to a Banach space, respec-
tively, if and only if

e c [
(2.9) ;/ v(s) ds < ;/ v(T)dr for0<s<t
t 0

for some C and all ¢t > 0.
Whereas I'? (v)(2) and T'7*°(v)(Q2) are equivalent to a Banach space, respectively, if and
only if o > 1.

The most familiar examples of classical Lorentz spaces are the standard Lorentz spaces
L9(Q) with r,¢q € (0, 00], more in general, the Lorentz-Zygmund spaces L9 (log L)*(£2).
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Given r,q € (0,00] and « € R, define

1_1 (e
(2.10) 9]l L) (tog £y ) = Is™~7 (1 +10g 2)™ g**(s)l| a0,

for a measurable function g in Q. If 7,¢ > 1 and o € R, the space L™ (log L)*(Q) is a
rearrangement-invariant space endowed with the norm (2.10). In particular, the Lorentz-
Zygmund space L% (log L)°(Q) reduces to the standard Lorentz space L9 (Q), and, if
r > 1, the Lorentz space L") () agrees with the Lebesgue space L"(Q) (up to equivalent
norms). Observe that, instead, LWV (Q) # LY(Q). Actually, L(»V(Q) is equivalent to
L(log L)(2).

A function A : [0,00) — [0,00] is called a Young function if it has the form
t
(2.11) At) = / a(t)dr for t > 0,
0

for some non-decreasing, left-continuous function a : [0, 00) — [0, 0o] which is neither identi-
cally equal to 0 nor to co. Clearly, any convex (non trivial) function from [0, c0) into [0, 0],
which is left-continuous and vanishes at 0, is a Young function.

The Orlicz space LA(Q), associated with a Young function A, is the Banach function space
of those real-valued measurable functions g in € for which the Luxemburg norm

vy =it a0 [ 41D 4 <4
lgllz ()

0 )
is finite.

In particular, LA(Q) = L"(Q) if A(t) = t" for some r € [1,00), and LA(Q) = L>®(Q) if
A(t) =0 for t € [0,1] and A(t) = oo for t > 0.

Moreover, if A(t) is equivalent to " (1 + log %)a near infinity, where either » > 1 and o € R,
or r =1 and a > 0, then L*(Q) agrees with the Zygmund space L" (log L)" (2). Note that
L" (log L)™ (Q) agrees with L") (log L)*** (€2), up to equivalent norms.

3. MAIN RESULTS

We begin our discussion on exhibiting a sharp assumption on the right-hand side f en-
suring the continuity of the local weak solutions to the n-Laplace equation

—div (|Vu|""%Vu) = f(z) in Q.

The relevant assumption is that f belongs to the quasi-normed space L(l’ﬁ)(ﬁ) and this
condition is sharp in the sense that L(l’ﬁ)(ﬁ) is the largest rearrangement-invariant class
to which f has to belong for every local weak solution u to (1.1) to be continuous in 2. Here
we state the following result.

Theorem 1. Let n > 2. Then L(l’ﬁ)(Q) s the largest rearrangement-invariant class
X(Q) contained in (Wln(ﬂ)yk such that for every f € X(Q), any local weak solution to
equation (1.1) is continuous.

Remark 1. A theorem from [12] yields the continuity of local weak solutions to (1.1) when
1

fe L(l’ﬁ)(Q). Theorem 1 complements the result from [12] by showing the optimality of
the space L(l’ﬁ)(Q).
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Now we focus on the necessary and sufficient conditions for the right-hand side of the
n-Laplace equation (1.1), for local weak solution u to be continuous. The relevant results
involving the classical Lorentz spaces I'(v)(Q2), A?(v)(Q2), T'7°(v)(Q) and AZ>(v)(R),
associated with a weight function v and a power o € (0,00) are contained in the next
theorems.

In what follows, we make use of the notation

Vo(t) = /Ot v(s)ds+t° /tl s %v(s)ds for t € (0,1).

Theorem 2. Let 0 < o < 0o and let v be a weight. Assume that

1
t(1+1log )"

Sup%<00 if0<o< -1y, n>2

0<t<1 V()=

toti-n-1 1
/Uldt<oo if L <o<1,n>2
0V, (t)7e-—n-1

soin—i L 1\ so=0=1

totn-1)-1 1+10 1)yo(n—1)—1
/ ( gt) dt < oo ifo>1,n>2;
0

V, (t) 7ot

/t(l—l—logi)"11
0

ch(t)"*l

-

dt < oo ifo>1,n=2.

If f €T7(v)(Q), then every local weak solution u € WH™(Q) to (1.1) is continuous.
Conversely, if o > 1, T7(v)(Q) C (Wl’"(Q))*, and for every f € T7(v)(Q) any local weak
solution to (1.1) is continuous, then (3.1) holds.

Theorem 3. Let 0 < 0 < 0o and let v be a weight. Assume that

(3.2) /0 (igli % (/08 v(T) d7> 1) h % < 00.

If f € T9%°(v)(R2), then every local weak solution u € Wh™(Q) to (1.1) is continuous.
Conversely, if o > 1, T (1)(Q) C (WI"(Q))*, and for every f € T2°(v)(Q) any local
weak solution to (1.1) is continuous, then (3.2) holds.

q
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Theorem 4. Let 0 < 0 < oo and let v be a weight. Assume that

(3.3)
t(1+1log )"
sup w<oo if0<0§ﬁ,n22;
0<t<1 V(t)=

/ (50 )
sup —
0o0<s<t | \V(5)

¢ 1\ o=1 '

(t 1—|—log dt < oo ifo>1,n=2;

Gy 1
]_ o(n—1)—1 dt
< Vs) ) <1+logt) 7<o<> ifo>1,n>2.

If f € A2(v)(Q), then every local weak solution u € W™ (Q) to (1.1) is continuous.
Conversely, if either o > 1 and (2.8) holds, or 0 = 1 and (2.9) holds, A°(v)(Q2) C
(Wl’"(Q))*, and for every f € A°(v)(R) any local weak solution to (1.1) is continuous,
then (3.3) holds.

1\ e(n 1)1dt
<1—|—logt> 7<oo ifﬁ<o§1,n>2;

Remark 2. Note that if v is (equivalent to) a non-increasing weight, condition in (3.3)
for o =1 and n > 2 simply reduces to
1
(1+log %) ] "t

— <0
/Oifotusds ’

t
and assumption (2.9) is certainly fulfilled since A'(v)(Q) is a Banach space.

Remark 3. The continuity of u when f belongs to some space A!(v)(2) has also been
studied in [12]. The condition exhibited in [12] has a more implicit form, and is only sufficient
for the continuity of w.

Example 1. Assume that n > 2 and f € A! ((1 +log %)nflw(t)) (Q2) for some slowly vary-
tw'(t) _
w(?)

ing non-increasing function w in the sense of [6] (this is certainly the case if lim;_,o+
0). By [6, Theorem 1.5.11]

t
/ (1+1og )" 1w(s) ds ~ t(1+ log %)nflw(t) as t — 0.
0

By Theorem 4, any local weak solution u € W1 (Q) to equation (1.1) is continuous, provided
that condition (3.3) is satisfied, namely

dt
(34) /0 t (1+log ) w(t) = =

For instance, the choice

(3.5) w(t) = 6(1)" 7 (H)
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for k£ > 2 and for any € > 0 is admissible, where ¢}, is inductively defined as
(3.6) l1(s) = max{1,log s}, l(s) = max{1,l,_1(s)} k> 2,

for s > 0.

This recovers a result of [12]. On the other hand, discontinuous (in fact, locally un-
bounded) solutions to equation (1.1) may exist if w is defined as in (3.5), with € = 0.
Let us emphasize that discontinuous solutions may exist with this choice of € even if, on the
right-hand side of (3.5), an infinite product extended to all k > 2 appears, namely if

(3.7) wity=T]e(2)"*

for ¢ > 0. Indeed, condition (3.4) can be shown to fail for such w. This last example is
closely related to a question raised in [12, Remark 5.2] about the case when the right-hand
side of (1.1) belongs to an Orlicz space associated with a Young function defined in terms
of an infinite product of logarithms.

Theorem 5. Let 0 < o < 0o and let v be a weight. Assume that

(3.8) /O <1 /Ot (/OSV(T) d7>; ds)niltmll)_l dt < co.

If f € A7>®°(v)(Q), then every local weak solution u € WH™(Q) to (1.1) is continuous.
Conversely, if either o > 1 and (2.8) holds, oro =1 and (2.9) holds, A>>°(v) C (Wln(Q))*,
and for every f € A7 (v)(R?) any local weak solution to (1.1) is continuous, then (3.8) holds.

We now address the problem of the continuity of solutions to the n-Laplace equation in
the case when f belongs to an Orlicz space.

Theorem 6. Let A be a Young function. Assume that
A(t) > Ctlog(1+1t) fort >1 ifn=2

| (war—m T s
tA'(t) — A(t) = e

If f € LA(Q), then any local weak solution u € W1(Q) to equation (1.1) is continuous.

Let us now discuss the question of the modulus of continuity of solutions to (1.1). With
this regard, we find the optimal modulus of continuity of solutions to (1.1) when f be-
longs to a wide class of rearrangement-invariant spaces, including Lorentz-Zygmund spaces
L9 (log L)® (R2), and various standard Orlicz spaces. Specifically, we obtain estimates of
the form

_1
oo, < € (115, + I9ul110s,, )

for every ball By, CC €, where C%%(B,) denotes the space of uniformly continuous functions
with modulus of continuity ¢, X () is a rearrangement-invariant space, and C' is a positive
constant.
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Some definitions about the space C%% () are needed in the statement below. A modulus
of continuity ¢ : (0,00) — (0,00) is a function equivalent (up to multiplicative constants)

near 0 to a non-decreasing function and such that lim,_,g+ ¢(s) = 0 and lim sup ) < 00
s—0t+ PS
The Banach space C%%(Q2) is the set of the measurable functions g on Q for which the

semi-norm

lg(z) — g(y)|

3.9 Jgllco.eioy = sup —7~——7—

( ) ” ||C @) z,y €Q %0(|$_y|)
T F£y

is finite. Note that moduli of continuity which are equivalent (up to multiplicative constants)
near 0 yield the same spaces (up to equivalent norms).

In the case when ¢(s) = s* with a € (0, 1], the space C*?(Q) coincides with the classical
Hélder space C% “( ). In particular, C%1(Q) is the space of Lipschitz continuous functions
in Q. Moreover, CloC () denotes the space of those functions which belong to C%?(Q') for
every open set Q’ cc .

Henceforth, a norm |||Vul|| x o) will simply be denoted by [|Vul| x ().

Theorem 7. Let f € T7(v)(Q) with 0 < o < co. Let u € WH(Q) be a local weak solution
to equation (1.1).

(j) Assume that the function ¢ defined as

(3.10)

1
o—1 (en—1)

s™ (o(n_1)) 1 . . o(n—1)—1
/ t ! (/ T W y(T) T dT) dt ifo>1,n>2;
0 t

1
~ s 1)/ 1 (n—1)"
©(s) / A i dt ifo=1,n>2;
0 [inft<-r<1 (7'1/"/”(7'))]

min {t1/2,8} £ 1 9
su ifo=1,n=2,
0<tI<)1 infycre1 (71/2’/(7))

for s near 0, is finite, and, in the last case, it also satisfies limg_0p(s) = 0. Then u €

Cloof( ), and there exists a constant C such that

(3.11) lullco.e(s,) < C (Ifllpa i) Eap) |W||L1<sz>>

for every By, CC ).
(73) In particular, if

(3.12) 1= ()~ o 0,1y < 00
then u € Lip;,.(Q), and there exists a constant C such that
(313) fulleoscsy < € (M5 + 1V 0lrce )

Jor every Ba, CC Q.
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Theorem 8. Let f € I'7®°)(Q) with 0 < 0 < co. Let u € WH™(Q) be a local weak
solution to equation (1.1). Assume that the function ¢ defined as

n

(3.14) @@)Ziésti<llr$l%ﬂid7>ﬁldt

for s mear 0, is finite. Then u € CO"P( ), and there exists a constant C' such that
(3.15) lulleosayy < € (1M1 + 1Vl 5, )
for every By, CC ().

In particular, for right-hand sides f from Lorentz-Zygmund spaces, we have the following
result. Here, we agree upon the notation “é =0".

Theorem 9. Let f € LD (log L)*(Q) with 1 <r <mn, 1 <¢<o0o, a € R andn > 2. Let
u € WH™(Q) be a local weak solution to equation (1.1).
Part I: Assume that the function ¢ defined as

7a+n—1—l

(1+10g%) nflq 1f7"—11<q<oooz>n7177

n(r—1) _a

§rn=1 3 (1+10g ) not fl<r<n,l<g<oo,acR;
(3.16) p(s) ~ s

s(l—&-log%) not ifT:n,lgqgoo7a<$,

-1
s(1+1log(1+1logl))™" ifr=nl<g<oo,a=<

q

for s near 0, is finite. Then, u € Cloo’f () and there exists a constant C' such that

(317) ol < © (U1 o ey + 19110

Jor every Bs, CC Q.
Part 1I: In particular, if one of the following conditions is satisfied:

T:n,q:LaZO;
(3.18) r=n,q>17a>%,
r>n,1<qg<oo0,a€lR,

then u € Lip;,.(Q), and there exists a constant C such that

(319) lleoscay < € (WNE g2y + 190202

for every By, CC ).
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Proposition 1. Let f € L@ (logL)*(Q) with 1 < r < n, 1 < ¢ < o0, a € R and
n > 2. The modulus of continuity ¢ defined as in (3.16) is optimal, provided that one of the
following alternatives holds:

r:171§q§oo,a>n—1—% (r,q,n) # (1,1,2);
(3.20) 1<r<n,1<q¢g<oo,acR;
r=n,q=1a<0,.

This means that, if ¥ is another modulus of continuity such that (3.17) holds for every
f e LD (log L)*(Q), and any local weak solution u to (1.1), then Co2?(€2) C C¥ ().

loc loc

Remark 4. Theorem 9 overlaps with results from [13] and [17]. Specifically, [13, Corol-
lary 8.1] deals with the case when f belongs to a Marcinkiewicz space, corresponding to
the choice ¢ = co and @ = 0 in Theorem 9. The proof in [13] is based on decay estimates
for solutions and on nonlinear potential techniques. Data f from Marcinkiewicz spaces are
also the object of [17, Theorem 4.1]. Moreover, [17, Theorem 4.2] is concerned with right-
hand sides f from Lebesgue spaces, which is included as the special case when r = ¢ and
a = 0 in Theorem 9. The approach of [17] makes use of a compactness argument, which
enables to relate the decay of the solutions to the equations in question to that of solutions
to homogeneous problems with vanishing right-hand side.

Acknowledgments. We thank the referee for carefully checking the manuscript and for
several helpful suggestions.
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