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INFINITELY MANY PERIODIC SOLUTIONS FOR A FRACTIONAL
PROBLEM UNDER PERTURBATION

VINCENZO AMBROSIO

ABSTRACT. We discuss the existence of infinitely many periodic weak solutions for a
subcritical nonlinear problem involving the fractional operator (—A 4+ I)® on the torus
TN. By using an abstract critical point result due to Clapp [14], we prove that, in spite
of the presence of a perturbation h € L?(T™V) which breaks the symmetry of the problem
under consideration, it is possible to find an unbounded sequence of periodic (weak)
solutions.

1. INTRODUCTION

In the past years there has been a considerable amount of research related to the role
of symmetry in obtaining multiple critical points of symmetric functionals associated to
ordinary and partial differential equations. For instance, semilinear problems of the type

(1.1) { Lu= f(z,u)+h inQ

u=20 on 00 ’
where L is uniformly elliptic, Q is a smooth bounded domain in RY, f(x,u) behaves like
|ul9=2u with ¢ € (2, 225), and h € L*(Q) is a perturbation, has been investigated by many
authors by using topological and variational methods; see for instance [8, 9, 19, 25].
In this paper we focus our attention on the effect of a perturbation which destroys the
symmetry of the following nonlinear fractional problem

(1.2) (A +1)*u= f(z,u) + h(z) on TV,
where TV = RV /Z" is the N-dimensional torus, N > 2, s € (0,1), and f: TV x R — R is
a function satisfying the following hypotheses:
(f1): f is a continuous function and f(x, —t) = —f(x,t) for all z € TV and t € R;
(f2): there exist p € (1,2 — 1), where 27 = 22—, and a1, a2 > 0 such that for any
r€TN andt €R

[f(z,1)] < a1 + aslt]”;
(f3): there exist ;> 2 and rg > 0 such that
0 < pF(z,t) <tf(zx,t)

for x € TV, |t| > ro, where F(z,t) = fo flx,7)dr.
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Here we assume that the perturbation
(1.3) h e L*(TV)
and that p satisfies the following condition
(N +2s) —p(N—25)
N(p-1) p—1
We notice that (f1) and (f3) imply the existence of constants as, a4, a5 > 0 such that

(1.4)

(1.5) %(tf(x,t) +as) > F(z,t) + aq > as|t]”

for all t € R.
The operator (—A + I)® on T is defined for any u € C>(T) by setting

(A + I)°u(x) = Z (|k|* 4+ 1)cpe*
kezZN

where ¢, = fTN u(m)e‘““"“dac are the Fourier coefficients of w. This operator can be extended
by density on the Hilbert space

HS(TN) = {’U, = Z Ck@lk‘x S L2(TN)‘[U]H2,F(TN) = Z |k|28|0k|2 < OO} .

kezZN keZN

The study of fractional and non-local operators of elliptic type received immensely growing
attention recently, because of their strong connection with real-world problems. These op-
erators, arise in several contexts such as phase transition phenomena, population dynamics,
game theory, mathematical finance, chemical reactions of liquids, geophysical fluid dynamics,
quantum mechanics; see [16] and references therein for more details and applications.

In spite of the fact that there are many papers dealing with superlinear problems involving
non-local operators [5, 10, 11, 17, 18, 22, 23], there are few results concerning the multiplicity
of solutions for a non-local boundary problem under the effect of a perturbation. The only
results which we know are due to Servadei [21], that proved the existence of infinitely many
solutions to the problem

(“A)vu—Au= f(r,u)+h inQ
u=0 on RV\ Q

where s € (0,1), @ C RY is a Lipschitz bounded open set, (—A)% is the fractional Lapla-
cian, A € R, f is a subcritical nonlinearity and h € L?(f2) is a perturbation, and Colorado
et al. [15] which studied existence and multiplicity of solutions for the following fractional

critical problem involving the spectral Laplacian (—A)g,

(—A)qu = |u] ~mu+h o in Q
u=20 on 02

under appropriate conditions on the size of h. We point out that the non-local operators
(—A)g~ and (—A)§ appearing in the above problems are different; see [24].

The aim of this paper is to give a further result in this direction, considering a non-local
problem with periodic boundary conditions, under the effect of a not small perturbation.
Our main result can be stated as follows:
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Theorem 1. Let f satisfying (f1)-(f3) and let h € L?(TYN). Assume that p satisfies
the relation in (1.4). Then, (1.2) possesses an unbounded sequence of periodic solutions

(uj)jen C HE(TY).

Let us observe that when h = 0, the existence of infinitely many solutions to (1.2) can be
obtained by using standard critical point theory for even functionals [1].

Our purpose is to investigate (1.2) in the case h # 0, that is when we have a lack of symmetry.
In order to do this, we will use a variant of the Mountain Pass Theorem due to Clapp [14]:

Theorem 2. [14] Let V be a G-Hilbert space with V& = {0}, and let V} C Vo C --- C
Vi C ... be a sequence of finite dimensional G-invariant linear subspaces of V.. Here V& :=
{x € V :gx =x forall g € G} is the set of fized points of V in G. Let J : V — R be a
Cl-functional which satisfies the following conditions
(1): J wverifies the Palais-Smale condition (PS), above a for some a > 0, that is any
sequence () in'V such that J(xy,) C [a,b] for some b € R and such that J'(x,) — 0
as n — 0o has a convergent subsequence;
(ii): There are constants v > 0 and p > 1 such that for allz € V and g € G

() — J(g2)| < y(|J ()% +1);

iii): There are constants B > 0, 0 > —£~ jo > 1 such that for all j > 7
pn—1

supinf{J(z) : x € Vit y, 2| = p} = 85"
p=>0
(iv): For every j > 1 there exists R; > 0 such that ®(x) <0 for all z € V;: ||z|| > R;;
(v): There exists a fixed admissible representation W of G such that for all j > jg,
Vi=el_ W.
Then J has an unbounded sequence of critical values.

This result can be read as follows: if J is not too far away from being G-invariant and if
the mountain range is steep enough, then J can still have an unbounded sequence of critical
values.

In order to prove Theorem 1, we will introduce the following functionals defined on H?*(T")

H%I.Q(TN) —/ F(x,u)dm—/ hudzx
iy TN

ﬁs(qlw) - /’JI‘N F(z,u)dx — o ¥(u)hudz,

where 9 is a suitable functional such that 1 (u) = 1 if u is a critical point of I.

By considering the antipodal action of G' = Zy on H*(T¥), we will show that J satisfies the
assumptions of Theorem 2 and that large critical values of the modified functional J are
critical values of I.

We would like to note that in [2, 3, 4, 6, 7] the existence of periodic solutions to fractional
problems of the type

(1.6) (=A+I)*u = f(z,u) on TV,

has been obtained by using variational methods after transforming (1.6) in a degenerate
elliptic equation with nonlinear Neumann boundary conditions via a Caffarelli-Silvestre type

I(u) = g ul

and

Tw) = 3ol
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extension [12] in periodic setting. In this paper however, we prefer to analyze the problem
directly in H*(T¥) so that we can adapt the techniques developed in [19].

The paper is organized as follows: in Section 2 we present some preliminary facts concerning
the fractional Sobolev spaces on torus, and in Section 3 we give the proof of Theorem 1.

2. PRELIMINARIES

2.1. Fractional Sobolev spaces on torus. In this section we collect some preliminary
results concerning the fractional Sobolev spaces on torus.

Let s € (0,1) and N > 2. Let u € C>°(T"). As usual, we identify TV with [0, 27]", and the
functions on TV with functions on RY that are periodic with period 27 in each coordinate
T1,...,2TN, that is u(z + 27e;) = u(z) forall zx € RN and i = 1,..., N.

Then we know that

where
cp = / u(x)e"**dx (k€ ZN)
TN

are the Fourier coefficients of u. We define the fractional Sobolev space H*(T?) as the
closure of C>(T") under the norm

fo vy = Z (I[> + 1)° ex .
kezN

[l

Let us observe that H*(T%) is a Hilbert space with respect to the inner product
(u,’U)HS(TN) = Z (\k|2 + 1)5¢:ka
keZN

for any u = Y, cpn cre™® and v = 3", ;v die'™* belonging to H*(TY). Finally we use the

notation
HS(TN) Z |k|2S |‘3k|2
kezZN

to indicate the semi-norm of wu.
Now, we recall the following embeddings

Theorem 3. (Fractional Sobolev embeddings on torus) The inclusion of H*(T™) in LI(TN)
is continuous for any q € [1,2%] and compact for any g € [1,2%).

Proof. We give a simple proof of this result. Let u =3, ;v cxe’™* be a smooth function

on TV such that [y udz =0, and let v =", ;~ dee’™™ € L% (TM).
By applying the Cauchy-Schwartz inequality, we can see that

|(u’U)L2(']I‘N)| = ‘ Z Cka) = ’ Z |k|g‘k|_sck(jk‘

k|>1 k|>1

Y et s o\ B

< (X0 mlenl?)” (0 IRl dil?)
|k|=1 [k|=1

(2.1) = [l (o3 [ (=) ™ E 0 2wy,
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Now, by the Hardy-Littlewood-Sobolev inequality we know that

2:2) I-8) Felliagemy < Cllol e,
for some constant C' > 0.
Combining (2.1) and (2.2) we get
23) (02| < Cludieamllol s
Taking v = |u| Nz ly e [N (TV), we have
o N 2.5‘
(o) oo = 1l T,
and
%“52
oy =R
0 (2.3) becomes
(2.4 a2 g, < Clilitscavy

This allows us to deduce that the embedding of H*(T%) into L4(T") is continuous for any
€ [1,2%].

Finally, we show that H*(T") is compactly embedded in LI(TY) for any ¢ € [1,2}). By

using the interpolation inequality and (2.4), we know that for every ¢g € (2,2¥)

lollaceny < Nl aomy 5 gy < .

for some 6 € (0,1). Therefore, it suffices to verify that H?® (TN ) is compactly embedded in
L?(T™) to obtain the desired result.
Let w/ — 0 in H*(T¥) as j — oo. Then

(2.5) lim [c)?(|k*+1)* =0 VkezV
Jj—oo

and

(2.6) S IdlP(EP+1)*<C VjeN.
kezZN

Fix & > 0. Then there exists v > 0 such that (|k|? +1)7% < ¢ for |k| > v. By (2.6) we have

STl =Y 1dlP+ Y P

kezN |k|<v |k|>v
= 1P+ D GP(RP + 1) (R + 1)

|k|<v [k|>v

<Dl +Ce

k| <v

By (2.5) we deduce that }_; -, \c{g\Z < ¢ for j large. So u/ — 0 in L?(TV) as j — oc.
- O
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It is well known (see [20, 26]) that the powers of a non-negative and self-adjoint operator
in a bounded domain are defined through the spectral decomposition using the powers of
the eigenvalues of the original operator. Since (—A +I)~* is a positive compact self-adjoint
operator in L?(T?), it is easy to show that the following result holds:
Theorem 4 (Spectral Theorem).
(1): The operator (—A + I)® has a countable family of eigenvalues {\p trhen which can
be written as an increasing sequence of positive numbers
D<A <Xl <A< 1 <.

Each eigenvalue is repeated a number of times equal to its multiplicity (which is

finite).
(ii): Ap = uj, for all h € N, where {upthen is the increasing sequence of eigenvalues
of —A+1.

(iii): A\ =1 is simple, A\, = p, — +00 as h — +oo,
(iv): The sequence {up}ren of eigenfunctions corresponding to Ap, is an orthonormal
basis of L?(TY) and an orthogonal basis of H*(TY).
Let us note that {up, pp}ren are the eigenfunctions and eigenvalues of —A + I.
(v): For any h € N, A}, has finite multiplicity, and there holds

el e
min % (Rayleigh’s principle)
u€V;A\ {0} ||u||L2(TN)

where
Vi = spanf{uy, - ,up}
and
Vik = {u e B (TV) : (u, ujygs(rvy = 0, forj=1,...,h —1}.
(vi): For any h € N, the h-eigenvalue can be characterized as follows:
ol oo,

max oo .
u€Vip\{0} ||UHL2(TN)

3. PROOF OF THEOREM 1

This last section is devoted to the proof of our main result.
Let us introduce the following functional

1
(3.1) I(u) = §||u||ﬂ2ﬂs(TN) —/ F(z,u)dz —/ hu dx
TN TN

defined for u € H*(TY). Clearly, I € C*(H*(T"),R) in view of the assumptions on f.
We begin proving the following

Lemma 1. Let u be a critical point of I. Then there is a constant ag depending on ||h|| 2~
such that

(3.2) /TN [F(x,u) + aq4] dx < %/TN [uf(x,u) + as) dz < ag(I(u)? 4+ 1)'/2
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Proof. By using (1.5) and the fact that w is a critical point of I, we can see that

I(u) = I(u) — 1I’(u)u

(3.3) L .
> (5-3) [ lofen) + asldo = lbllaes el zcom) = or
Since p > 2 and by applying the Holder and Young inequalities we deduce that for any € > 0
B4) 1w 2 as [ (f(@u) +as)do - an — Colblfaer, — lulluen)
T

where % + 1 = 1. Choosing € such that 2 = pasas, and by using (3.4), (1.5) and the
Schwartz inequality, we obtain the claim.
([

Now, we modify the functional I as follows. Let x € C*(R,R) such that x(¢t) =1 for ¢ <1,
x(t)=0fort>2and -2 < x' <0 forte (1,2).
For u € H*(TY), we set

Qu) = 2a5(I(w)* + 1)
and we define the following functionals on H*(T%)

v =x (@ [ 1P +aldr)

and .
T() = 5l

%ﬂs(Tw) — / F(z,u)dx — Y(u)hude.
TN TN

We notice that (3.2) implies that ¢(u) = 1 if u is a critical point of I, and in particular
J(u) = I(u).

Let us consider the antipodal action of G = Zs on W = R, which is admissible by the
Borsuk-Ulam Theorem.

In order to show that J verifies the condition (i4) of Theorem 2, we give the following
preliminary result

Lemma 2. If u € supp v, then
(3.5) ‘/ hude| < an (T +1)
TN

where ay depends on ||h| L2 (rvy -

Proof. By using the Schwartz and Holder inequalities and (1.5), we obtain that for any
u € H*(TV)

| [ huda] < Ilzzcon sl aem, < aalfulznon
T
1
(3.6) < (/ (F(e,u) +ag)dr) "
’]l‘N
Let us note that, if u € supp v, we get

(3.7) /11‘N (F(z,u) + aq4)dz < 4a6(I(u)2 + 1)1/2 < ag([I(u)| +1).
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Then, taking into account (3.6) and (3.7), we have the thesis.

At this point we can prove that J satisfies the following property:
Lemma 3. There is a constant 31, depending on ||h| p2(r~y, such that for all u € H (TV),

(3.8 )~ I}l < B ()
Proof. By using the definition of J and the assumption (f1), we can see that
(3.9) () — ()| = (1( —u))| / |

Then, by Lemma 2, we deduce that

(3.10) v [ de] < cxs-u(1@fF + 1),

Let us observe that by the deﬁniqfcions of I(u) and J(u) we know that

(3.11) I(u)| < |J(u)|+2’/TN hu |,

50, by using (3.10) we deduce

(3.12) ‘/ hudx‘ < antp(— ‘/ hu dz +1)
TN

Thus, by using the Young’s inequality, we can see that the term fT ~ hu dx on the right-hand
side of (3.12) can be absorbed by the left-hand side. Similarly, we can deduce a corresponding
estimate for the ¥(—u) term in (3.9), so we can infer that (3.8) holds.

Wt 1).

O

Now, we show that large critical values of J are critical values of I. Firstly we prove the
following preliminary result:

Lemma 4. There are constants Mo, o > 0, depending on ||h|| p2(r~y, such that if M > M,
J(u) > M and u € supp ), then I(u) > agM.

Proof. Clearly, if u € supp 4, then

(3.13) I(u) > J(u) — ‘/TN hu d;v‘.
Hence (3.5) and (3.13) imply
(3.14) I(u) 4 ay[I(w)|V* > J(u) — ay > M/2

for My large enough. If I(u) <0,

14
it

(3.15) +£UWHZMUWW”2AU%HHW

which gives a contradiction if My > 2a%v~1. As a consequence, I(u) > 0 and
M \#
I(u) > M/4 or I(u) = ()
(> M4 or I(w) = (12
which implies the Lemma since p > 2.
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Lemma 5. There is a constant My > 0 such that if J(u) > My and J'(u) = 0, then
J(u) = I(u) and I'(u) = 0.

Proof. We are going to prove that ¢¥(u) = 1 and ¢’(u) = 0. Taking into account the
definition of 1, this happens if

(3.16) Qu)~! /TN (F(z,u) + az)do < 1.

Now, we show that (3.16) is satisfied.
Let us note that

(3.17) T = lulfy = [ (w20 = (600 + 0wl da,
where
P (w)u = (Q(u)_1 /TN (F(z,u) + a4) dm)
Qu)2 [Q(u) /TN uf(z,u)dx — (2a6)2</TN(F(x,u) +ay4) dm)Q(U)_ll(u)I’(u)u},

Then, we can regroup the terms as
(3.18)

J'(wyu = (14 T1(u))||ul

I%HS(TN)_(H:@(@L))/ wf (@ u)do — (W) + o) [ hudz,

™ TN
where
Ty (u) =X’ (Q(u)—l /TN (F(z,u) + aq) dx) (2a6)*Q(u) > I (u) /TN (F(z,u) + aq) dx -~ hudx
and

To(u) = X' (Q(u)—l /TN (F(z,u) + aq) dx) [Q(u)—l /TN hu dx} + Ty (w).

Now, we consider

1
—J .
21+ 1w
If Ty(u) = To(u) = 0 and 9 (u) = 1, then (3.19) reduces to the left-hand side of (3.3), so
(3.16) follows from (3.2). Since 0 < ¢(u) < 1, if T3 (u) and To(u) are both small enough,
the calculation made in (3.3) when carried out for (3.19) leads to (3.2) with ag replaced by
a larger constant which is smaller than 2ag. But this gives (3.16). So, in order to conclude
the proof of Lemma, it is enough to prove that T3 (u), Ta(u) — 0 as My — oo.
Firstly, we can note that

Ty (w)] < X'(---)|4asQ(u ’/N hudsc
T
If u ¢ supp ¢, Th(u) = 0 = To(u). Otherwise, by using Lemma 2 and Lemma 4 we get
Ty (u)] < apQ(u)s 1 < (My + 1)1 = 0 as M; — oo.

By the structure of Ts, we also deduce To(u) — 0 as M; — oc.

(3.19) J(u) —
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Taking into account the previous lemma, in order to verify (i) of Theorem 2, we need to
prove the following result

Lemma 6. J € C1(H*(TV),R) and there is a constant My > 0 such that J satisfies (PS)
on Ay, = {u € H¥(TV) : J(u) > Ma}.

Proof. By using (f1) and (f2), it is clear that I € C*(H*(T"),R). Since x € C~, and f
verifies (f1) and (f2), we can see that 1 and therefore J € C*(H*(T"),R).

Now, let (u,,) C H¥(TY) such that My < J(uy,) < K and J'(uy,) — 0.

Then for all large m,

pllwm s vy + K = J(um) — pJ" (i )tm
= (5~ PO+ Tiwn)) o o,
+ p(1 + To(wm)) /TN U [ (T, U ) dz — /1rN F(z,up)dz
(3.20) 0 n) + Talun)) = 0] [ty o

where p is free for the moment.
For M, sufficiently large, and therefore Ty, T small, by (f3) we can choose p € (
€ > 0 such that

i,%) and

1

(3.21) T+ Talan))

—— >0+ >p—€ >
201+ 11 (um)) " P

uniformly in m.
Putting together (3.20), (3.21) and (1.5), and by using the Hélder and Young inequalities
as in (3.4), we obtain

(3.22) plltim|

which yields {u,,} is bounded in H*(TV).
Now, it is easy to see that

(3.23) J/(Um) = (1 + Tl(um))um - P(um)

Hs(TN) + K > EHUMHI%IS(’I[‘N) + Cl||“m||zu(w) — o |t Hs(TN) — €3

where P is a compact operator. Taking M, so large such that |17 (u,)] < % and by using the
facts (u,) is bounded and J'(u,,) — 0, we can infer that (1 + T3 (um)) P (u,m) converges
along a subsequence. In virtue of (3.23), also (u,,) converges along a subsequence, and we
can conclude that .J fulfills (PS) on Apy,.

O

Therefore, in order to prove Theorem 1, it is enough to show that J has an unbounded
sequence of critical values. For this reason, we are going to check (ii7) and (iv) of Theorem
2. Regarding the condition (iv), it is easy to see that for every u € W, with W C H*(TV)
finite dimensional, there exist positive constants c¢i,co,c3 and ¢4 (depending on W) such
that

(3.24) J(u) < cqlul

)+ czl|ullms 7y + ca — —00 as |ullgs vy — 00

]%IS(']I‘N) — c2||ul ﬁs(w
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since p > 2. We note that in (3.24), we used (1.5), |#(u)| < 1 and Hoélder inequality to
estimate the term [1y hu dz.
Finally, we prove the following result:

Lemma 7. There are constants B > 0 and jo € N depending on ||h||2(y~) such that for
all ] > j07
. n (N+20) - (N-2)p
(3.25) supinf{J(u) : u € Vi_y, [|ullgs(rvy = p} = P2 N D
p=>0

Proof. Let w € 0B, N V]J;1 Then by (f2), we can deduce that

1
(3.26) J(w) 2 5% = aallullih gy — s = Ihllzaom ull 2oy

By using the interpolation inequality and Theorem 3, we get for all u € H*(T™)

(3.27) el oes oy < arlfulle oyl 5
_ Np-1)
where 2a = s(5+1) .
From Theorem 4, we also have
_1
(3.28) ullzervy < Ay 2 flullms oy

for all u € ijl
Putting together (3.26), (3.27) and (3.28), we can see that

1, Qo) -1
(3.29) J(u) > 2P = oy PP —az — |[hl|L2rnyA; 2 p
Taking
1 G5 (25)
p=pj=—"=X" ",
T (dag)T Y
we deduce that
1 _1
(3.30) J(u) = iﬂ? - ||h||L2(1rN)>\j pj — s

Recalling [13] that for the compact manifold M = T the following Weyl’s formula for the

asymptotic distribution of the eigenvalues p;(M) of —A on M holds

LA
wy  Vol(M)

and by using (i¢) of Theorem 4, we can see that there exist jo € N and a5 independent of j

such that

N
2

J

(M) ~

as j — oo,

A > asj ¥ for j > jo.

This together with (3.30) completes the proof of lemma.
O

Proof of Theorem 1. We consider the antipodal action of G = Zo on H*(T"), and we take
W = R. Let us observe that for all j € N, V; is a G-invariant linear subspace of H*(TV),
dimV; = j and that V¢ = {0}. Putting together Lemma 1-Lemma 7, and (3.24), we can
see that the assumptions of Theorem 2 are satisfied. Then, there exist a sequence of critical
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values (d;) C R and (u;) C H*(TY) such that I(u;) = d; — oo and I’(u;) = 0. In particular,
being I’ (u;)u; = 0, we have

ot 12 e = / £ (@ g + / sy
TN TN

(3.31) =2d; + 2/ F(z,u;)dx +/ hu;dzx.
TN T~

Then, by using (3.31), (f1), (f3) and h € L?(TY), it is easy to show that there exist a, 3 > 0
independent of j € N such that ||uj||]%1$(TN) > adj — B — 00 as j — 00.
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