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SINGULAR PERTURBATIONS OF FORWARD-BACKWARD
p-PARABOLIC EQUATIONS

S.N. ANTONTSEV AND LV. KUZNETSOV

ABSTRACT. In this paper we have proved the existence of entropy measure-valued solu-
tions to forward-backward p-parabolic equations. We have obtained these solutions as
singular limits of weak solutions to (p, g)-elliptic regularized boundary-value problems as
e — 0+. When ¢ > 1 and ¢ # 2 we have not defined yet admissible initial and final
conditions even in the form of integral inequalities.

Dedicated to Professor David Kinderlehrer on the occasion of his 75th birthday.

1. INTRODUCTION

In this paper we deal with entropy measure-valued solutions to forward-backward p-
parabolic equations which are obtained as singular limits of weak solutions to elliptic bound-
ary value problems. Singular limits of weak solutions to anisotropic elliptic boundary value
problems were studied in [1], [2], [3]. The main difference with the present case is that first
order terms were not involved there.

It is worth to mention that the presence of p-Laplacian can make the problem very
complicated. For example, gradient Young measures occur in representation of a solution to
p(x, t)-wave equation [4], p(x,t) > 1, nonlinear evolution equation [5] and forward backward-
parabolic equations [6], [7].

In this paper we deal with singular limits of weak solutions to elliptic boundary value
problem II, , . with anisotropic (p,¢)-Laplacian and quasi-linear first order terms where
p,q > 1. In the limit case as ¢ — 40 we formally obtain forward-backward p-parabolic
equations. In two recent papers [8], [9] two cases (p = 2,q = 2) and, correspondingly,
(p > 1,q = 2) were analyzed. In the first case the existence and the uniqueness of entropy
solutions were proved. In the second case we have only constructed entropy measure-valued
solutions with the help of methods invented in [10]-[16].

It is known that in the hyperbolic case there is the equivalence of entropy solutions for
different types of approximation [17], [18] only for the Cauchy problem, but nothing is known
how g¢-Laplacian influences on vanishing viscosity method applied to the initial boundary
value problem.
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In comparison with [9], when ¢ > 1 and ¢ # 2 we have not formulated entropy boundary
conditions in the form of integral inequalities. Therefore, it is still an open question.

This paper is organized as follows. Section 2 is devoted to auxiliary functions and defi-
nitions. In section 3 we have formulated problem II, , .. Here we have defined an entropy
measure-valued solution obtained as a singular limit of weak solutions up . as e = 0+. In
sections 4 and 5 we have proved results announced in section 3.

2. AUXILIARY DEFINITIONS AND FUNCTIONS

2.1. Boundary entropy-entropy flux triples.

Definition 1. A triple of functions (H,Q, ®) is called a boundary entropy-entropy flux
triple if H, Q € C?(R?), ® € C?(R%;R%) and for any (z, k) € R%:

NQ(z, k) = d' (2)00H (2, k), 0:1®;(2,k) = ¢}(2)01 H (2, k), 0FH(z, k) > 0, Q(z,2) =
hQ(z,2) = @j(z,2) = h®j(z,2) = H(z,2) = O1H(z,2) =0, j =1,...,d, ®(z,k) =
(cbl(zv k)v IR @d('za k))v

where J; means differentiation with respect to the first variable.

Note that function a and vector function ¢ = (p1,...,94) are defined by Condition 1
formulated in subsection 3.1.
Example 1. We consider the following class of boundary entropy-entropy flux triples

(H67Q5a @5):
Hs(z,k) = /(2 — k)2 + 62 — 4,

Q(;(z,k):/k a'(\)O1Hs(\, k) dX,

By(z, k) = / @ (N Hs(\ k) dA.
k
Passing to the limit as § — 0+, we obtain
Ho(z,k) = |z — k[,  Qo(z, k) = sign(z — k)(a(z) — a(k)),
Py (z, k) =sign(z — k)(p(z) — p(k)).

Example 2. We introduce boundary entropy-entropy flux triple (Hs, Qs.w, ®s.w) by the
rule:

Hys.(2,k) = ((Ho(z, k) + Ho(2,w) — Ho(k,w))? + 6?)

Qs,w(2, k) = / a'(N)OxHsw(N, k) dA,
k

1/2 5,

By (2 k) = / @ (\)OsHs (A k) dX, ¥ (K, 2,w) € R,
k

where Hy(z,k) + Ho(z,w) — Ho(k,w) = 2dist(z,Z[w, k]), where Z[w, k] is an interval with
its endpoints w and k. In the limit as § — 04+ we get
Ho (2, k) = Ho(z, k) + Ho(z,w) — Ho(k,w),

Qo,w(2, k) = Qo(z, k) + Qo(z,w) — Qo(k,w),
Dy (2, k) = Po(z, k) + Po(z,w) — Po(k,w).
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It is important to note that
2(a(k) —a(z)) if z<k<w,
2(a(w) —a(z)) if z<w<k,
0 if w<z<Ek,
Qo.w(z, k) = 0 if k<z<w,
2(a(z) —a(w)) if k<w<z,
2(a(z) —a(k)) if w<k<z

2.2. Essential limits of bounded variation functions.
Note that the variation V(f, (0,T)) of arbitrary functions f € BV ((0,T)) has the form

@1 VIEO.D) =sup{ [ o050 dt o€ CHO.T). ol ory < 1}

Without limiting the generality of the foregoing, in formula (2.1) we can replace the
condition [|ct/[ o ((g,7) < 1 by the condition 0 < a(t) < 1 for ae. t € (0,T). Let f(t) €
LY((0,T)) and

essliminf f(t) := sup essinf f(t), esslimsu t) := inf esssu t),
sliainf f(t) = sup essinf f(1) limsup f(#) = inf sup f(t)
essliminf f(t) :=sup essinf f(t), esslimsu t) := inf esssu t).
Sligint (1) = sup esint f(0),  essimsup f(6) 1= inf esoup (1)
Also we assume that f(t) € BV((0,T)). This implies the existence of essential limits (see
[19, Theorem 9.89],[20, Theorem 3.28])

1 [P
2.2 li t) := essliminf f(t) = essli t)= lim — t) dt
22 eslim 7(0) = eslimint () = essimsup 1) = Yim < [0 ar
1 T
(2.3) %sjlll“gl f@) = eStSEIqI}lnf f(t) = esilinTlsiup ft) = p1_1)r61+ 5 /Tp f@@) dt.

Definition 1, Examples 1, 2 and essential limits (2.2), (2.3) are used in Definition 3 of an
entropy measure-valued solution to equation (3.6).

3. SINGULAR LIMIT lim up g
e—0+ 7

3.1. Existence of solutions to problem II, , ..

In this subsection we deal with the elliptic regularization (3.1) of forward-backward p-
parabolic equation (3.6) where an anisotropic p, ¢-Laplacian is used. Moreover, we are going
to construct a singular limit of weak solutions u,, 4 . for non-homogeneous Dirichlet problem
IT, 4.c as € — O+.

Problem 11, ,.. For given initial and final conditions ug,ur € L>®(Q) N WyP(Q) the
problem is to find unknown function u, 4. : Gr — R which satisfies the boundary value
problem:

(3.1)  alupge) + dive(upge) = div(|Vayge[” Vg )
+ 20, (|0htp ge|” 2 Dpupge)s  (2,t) € Gr,
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(3.2) up,q,6|l“o = up(x), Up,q,e|lr = ur(x), “p,q,8|1“z =0,

in a weak sense, see Definition 2.

Here we assume that (z,t) € Gy = Q x (0,T), x € Q C R% Ty = Q x {t = 0},
Fr=Qx{t=T}T,=00x[0,T],p>1, qg>1,e>0. Moreover, there is no dependence
between two parameters p and q.

Here functions a and ¢ satisfy the following condition.

Condition 1. Let a € C%(R), a(0) = 0, ¢(2) = (p1(2),...,0a(2)), z € R, ; € C*(R),
j=1,...,d, ¢(0) = 0. Function a(z) is not monotone and a’(z) does not equal to zero
identically on intervals of positive measure.

Definition 2. Function u, , . € L(Gr)NLP(0,T; Wy (Q)) N LI(Q; WHa((0,T))) is called

a weak solution to problem II,, , . if the following assertions hold.

(EL.1) Let @ € L°(Gp) N LP(0,T; Wy (Q)) N L4(Q; W4((0,T))) be an extension of func-
tions ug and up into Gp. Therefore, up 4. — 0 € L>®(Gr) N LP(0,T; Wy P () N
L9(Q; Wy ((0,7))).

(EL.2) The following equality holds

(3.30) /G (= a(ttpg.)00d — Plupge) - Vo + [VtpgeP " Vitp e - Vo
e |0tup.q.e ]’ Dyt c000) dazdt = 0
for every ¢ € L= (Gp) N LP(0,T; Wy P(Q)) N LI(Q; W ((0,T))).

Remark 1. We can reformulate (3.3a) in the following way:

(3.3b) /G (815“(“177%&)(/5 + diV‘P(Up,q,s)(b + ‘Vup,q75|p_2 Vup,g.e -V

+ £ Optp.g.e| "2 Dptp . 0p0) dacdt = 0.
Proposition 1. Under Condition 1, problem I, , . has at least one weak solution u, 4. for
all ug, up € L>®(Q) N Wy P(Q). Moreover, mazimum principle
(3.4) HUPJLEHLOO(GT) < M = max (||u0||L°°(Q) ) ||UT||L00(Q)) :

and energy estimate
(3.5) / (IVupgel” +el0pupqel?) dadt < Claao)
Gr

hold. The constant C(4.90 is defined in inequality (4.20) and does not depend on € > 0.

3.2. Forward-backward p-parabolic equation.
In the limit as e — 0+ equation (3.1) would be forward-backward p-parabolic equation

(3.6) dra(u) + divp(u) = div(|Vu’ > Vu), (z,t) € Gr.

To formulate boundary conditions in the form of integral inequalities (see Remark 2), we
need boundary entropy-entropy flux triples (H, @, ®) (see section 2).

Definition 3. An entropy measure-valued solution to equation (3.6) is a measurable func-
tion v : G — R and a gradient Young measure v ; satisfying the following conditions:
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(FB.1) (Regularity) u € L®(Gr) N LP(0,T; Wy P (Q)),
(3.7) ||u||L°°(GT) < M;

(FB.2) (Gradient Young measure) Here v = v, is a probability measure for a.e. (x,t) €

Gr, and (Vg 4, Sp(+)) is defined as a dual pairing of vector function S,(€) = P2 e
with a gradient Young measure vg 4, i.e.

(3.8) (Vs Sp()) = / S, (€) dvs (€):

Rd

(FB.3) (Entropy solution) Integral inequality

3:9) [ (Quuk)oy + B k) ¥y~ 0 H 1,k s, S,0)) - V3
Gr
—%HWMHMWOMﬂzo
holds for every boundary entropy-entropy flux triple (H,Q,®) and v € C§°(Gr),

720,k eR;
(FB.4) (Incomplete boundary conditions) Essential limits

(3.10) esslim [ (Qo(u(z,t),k) + Qo(u(w, t), ug(xz)) — Qo(k,uo(x)))B(x) de,

t—=0+ Jo
(3.11) (;Sj%@ Q(Qo(u(m,t), k) + Qo(u(x,t),ur(x)) — Qo(k, uT(w)))ﬂ(m) dx

exist for every 8 € L1(Q), 8> 0 a.e. in Q, Qo(z, k) = sign(z — k)(a(z) — a(k)), (see
Example 1 in section 2).

Remark 2. We have the following representation

(3.12)  Qo(u(z,t), k) + Qo(u(x,t),uo(x)) — Qo(k, uo(x)) =

2(a(k) — a(u(x,t))) if wu(x,t) <k <up(x),

2(a(ug(x)) — a(u(z, b)) if w(x,t) <ug(x) <k,

0 if wo(x) <ul(e,t) <k,

0 it k<u(ze,t) <up(x),

2(a(u(z,t)) — a(up(x))) i k <wuo(x) <ulx,t),

2(a(u(z,t)) — a(k)) if wo(x) <k <u(zx,t).
We have not proved yet that u = 1_1>m+ Upqe (g # 2) satisfies the following boundary

conditions

313 estim [ (Qo(u(e, 1))+ Qoula. 1) wo(@)) - Qulk, w(@))5(a) do <0
Q

t—T—

(3.14) esslim ; (Qo(u(z, 1), k) + Qo(u(x, t), ur(x)) — Qo(k, ur(x)))B(x) dx > 0.

In [9] it was proved that lilr(r)l+ Up,2, satisfies boundary conditions (3.13), (3.14). Moreover,
E—r

if we assume that function a(z) is increasing and a solution u has a trace on the boundary
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OGr, it follows from formula (3.12) and integral inequalities (3.13) and (3.14) that
(3.15) U|F0 = Ug-
Under Condition 1, the latter equality may be violated.

In the following theorem it is asserted that an entropy measure-valued solution of equation
(3.6) is a limit point of the set {up 4. te>0-

Theorem 1. Under Condition 1, there exists an entropy measure-valued solution to equation
(3.6) such that

(3.16) U= 51_1%14_ Up,q,e

in LP(0,T; LP(Q)). Furthermore, gradient Young measure vg; is associated with the set
{Vup,g.eteso.

4. PROOF OF PROPOSITION 1

To establish the existence of solution wu, 4. to problem II, , ., we use well-known results
for elliptic equations [12], [13].
We are going to deduce estimates (3.4), (3.5). Let us introduce the function

M ifup,.>M

M _ _ _ ) Upge— M _
(4'1) Up.ge = max(up’qﬁ M, 0) = { 0 if Upge <M ’ up#]ﬁ‘aGT =0,
Vu if u > M Osu if u > M
M _ D,q,€ D,q,€ ’ M _ tYp,q,e D,q,€ )
(42) VWW@{ 0 ifupg. <M, &“ww{ 0 ifupge <M.
Putting ¢ = )’ _ in (3.3a), we derive
(4.3) /G (|Vu2/’[q’6|p +e \atu;‘fq’gﬁ dxdt = I + I,
T
where
(4.4) I ::/ a(up,q,s)atu;{fw dxdt, I ::/ P(Upge) - Vu%w dxdt.
GT GT
Taking into account the properties of functions u!, _, Vb _ 0l _, we have
u]VI
45) L= | a@h +MouM _dxdt= [ 0 a(A+ M) d\ | dedt =
( P.qe Dq,e
o 45 45 o o
uM t=T
/mb/yyaQ+ﬂ@dA de] =0
a \Jo =0

@@b:/)w%@+Mywﬁmwm=/
Gr G

uIW R
mz/“%¢u+Mym dadt = 0.
T 0
Hence, according to (4.3) we get

(4.7) / (‘Vugfq’e‘p +e ‘@u;\/’[qﬁf) dxdt =0
Gr
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and

(4.8) U’i)\{q,E =0= upgqe <M.
Analogously, we obtain

(4.9) —Upge <M and [up gl < M.

To derive estimate (3.5), we consider an extension  of functions ug, w7 into G such that

(4.10) @€ L®(Gy) N LP(0, T; WEP () N LUQ WH((0,T))),  (up.ge — 0) 0.

|8GT =

In equation (3.3a) we put ¢ = up 4. — U

(4.11) - Ot (tUp,ge —Wal(up q) dedt
Gr

+ V(tp,ge =) - Vup ge |vup7q,a|p_2 dxdt =
Gr

V(tupge —U) - p(Upgqe) dedt —¢ O (Up,q.e — U)Opp, g, ‘6tup,q76|q_2 dzdt.
GT GT

This reads in the following way

(4.12) / (Vtpg ol + ¢ |0ty g o|?) dwdt = Ty + o+ Js + Ja,
Gr
where
(4.13) Jy = /G (|v%q,g|p*2 Vit ge - Vi + € Oty g7 atum,gata) dadt,
T
(4.14) Jo ::/ a(Up,q.c)Otip q.c ddt,
Gr

(4.15) J3 1= —/ a(up,q.e)0 dedt, Jy = / P(Upqe) - (Vtp g — VU) dedt.
GT GT

Applying the Young inequality

’

T -T

K" K r
yz < —y" + 2N, 1<r<oo, r=——
r r r—1

) y?ZZO’ He (07]‘}7

in several cases, we derive

’

& 5P o edl o7l
(4.16) |J1|§/ — [V g.el” + — VU + —= |0sup q.|" + —— |0u|? | dadt,
Gr \ P P q q
1, 1 :
(4.17) | J5] g/G <q|8tu|q+q,|a(up7q75)|q) dadt,
T

(4.18) || g/

*65 | |p 62_1)/ l( )|p/ *1 | A|p *1 I ( )\p/ dxdt
Vu,, + P(Up,q, + Vul® + @ (Up,q, xat,
. Pyq,€ 11’ P,q,€ p’ P:q,&
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where  + 1% =1, % + 7 = 1. We evaluate the term J; in the following way
Up,q,(2,1) =T z
(4.19) | 2] = / / a(A) d\ | dx <2 sup / a() d)\‘ 1] .
o \Jo o lz|<M |Jo

Gathering last estimates and choosing §, §; and Jo appropriately small and taking into
account (3.4), we find that

(4.20) / (|Vup’q’5|p +e |atup,qys|q) dxdt < C(p,q) / ( |0al” + [Val” + |a(up1q,s)|q

GT GT

+ |‘P(up’q’€)‘p, ) dexdt + sup
|z|<M

/za()\) d)\'|Q| gc*(m)/ (10,al" + |Val”) dedt
0

Gr

+Cp.q. 121, T)( sup Ja(2)|” + sup [e(=)” + sup
|z|<M |z|<M |z|<M

/ a(\) d)\‘) =: Clan0).
0

Estimates (3.4), (3.5) imply that the operator L defined by the formula

L) = [

G (_a(up,q,s)at (V=)= p(tp,q,c) V(=) +|Vup g ‘p—Q V.- V(9—u)

+e |8tup,q)€|q_2 Opip .:0¢(9 — ) )dwdt

is coercive in the space L>(Gy) N LP(0,T; Wy P (Q)) N LI(Q; WHe(0,T)), that is

L(up7q75,up,q,s ) = / (\Vup,qu|p +e€ |8tup7q75|q) dedt — J1 — Jo — J3 — Jy >
Gr

. o8 o » g
min { (1 -2 = 2),e(1 - 2 Vitpgel? dedt+ [ |Opupgel” dadt ) ~Clamy.
p p q Gr Gr

where J; are defined in (4.13)—-(4.15) and

14+4-P
(4.21) Clyon) =

146y
/ VaP dedt + 0 / 10,a]" dadt
GT q GT

1 q 1""52_17/ P
16l (2 s fa(2)|” + =2 sup Jp()]" ) + 210 sup
4 |z1<Mm p |z|<M |z| <M

/OZ a(M) d)\‘ .

Therefore, according to well known results (see [12, Theorem 9.2, Ch. IV], [13, Theorem
8.5]) we conclude that problem II, , . has at least one weak solution wy g ..

5. PROOF OF THEOREM 1

In this section we represent entropy measure-valued solutions in the form (3.16). The
main difficulty is that we have only compactness result on {u, 4 c}eso in LP(Gr) and only
uniform boundedness of {Vuy 4 c}eso in LP(Gr; R?).
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5.1. Relative compactness of {up 4. }es0.

We are going to prove that an entropy measure-valued solution u of equation (3.6) is
represented as a limit point in LP(0,T; L”(Q2)) of the set {up g.c}te>0 as € = +0. Therefore,
a gradient Young measure v, ; is associated with {Vup g }eso.

From Definition 2 it follows that

Oywp, g0 dedt = / (‘P(Up,q,e) -V — |Vup,q,5|p_2 Vi ge- V(b) dxdt,

Gr Gt

where wp g = a(upg:) — €|0tpge|' > Oitipge, ¢ € LP(0,T; Wy P(Q)). Therefore, we
conclude that dywy ¢, € LP'(0,T; W=12(Q)) and for every ¢ € L?(0,T; Wy'*(€2)) it follows
that

(5.1)

G Dwp,q.c(x, 1)) (, 1) dmdt‘ < Ca) ||¢HLP(O,T;WC}’T’(Q)) )
T

where
p=1 po1
Cs1y = sup |p(2)| IGr] 7 + (Cla20)) 7
|z|<M

Let g(z) = [ (a/())*dr. We take an arbitrary function ¢ € Wg"*(Q), s > [%] + 1, where
||1/’||Lo<v(sz) <C(©) ”"/}HWO“’(Q)' We have
62 | (ol el t+ 1) = gl (@.0)(z) do
t+h
=[] 2t s)yi(a) dads =
¢
t+h
[ ] e 0.0, 5)(a) dods =
¢ Q
t+h
/ / a' (Up,q.e(x, 8)0swp 4. (x, $)p(x) deds
¢ Q
t+h
[ 5002 ¢ ety )1 Dty a5)) ) s =
¢ Q
t+h
/ / a/(up,q,s (iB, 3))aswp,q,e (iB, 8)11)(@ dxds
¢ Q
t+h
—/ / ed" (up g.c(x, 8)) |Osup.q.c(x, 5)|? ¥(x) deds
¢ Q
t+h
+ / / s (€ |0stp.q.c (@, 5)|777 Dya(up,q.c (2, 8)))9b(x) deds =
¢ Q
t+h
[ ] @ )05 () deds
¢ Q

t+h
_ / / 0 (1 g.e (@, 5)) |05t g e (@, 5)|7 () dcdls
t Q

+ / e(10ptp.g.c (2, t 4 B)| 72 Dya(up g.c (@, t+R))~|Ostip g c (2, 1)| 72 Dyalup g.c(®,1)))b(x) de.
Q
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We apply Theorem 5 from [14] to the set {g(up,qg.e) te>0. It follows from (5.1) that

t+h
(5.3) / / a' (Up,g.e(x, 8)0swp g (2, $)p(x) deds| <
t Q
C(5.1) ||a/(up,q75)w||Lp(t’t+h;W01’p(Q)) <
C(s5.1) max(Ar, Az) [[up,qg,e Lo (4R WEP () Q) ||¢||WOS=P(Q) —0 ash— 0+,
t+h
(5.4) / / 0 (1 g.e (@, 5)) D5ty g.c (@, 5)|7 () dawdls| <
¢ Q

t+h
AQ/ / £ |0sup g.e(x, 5)|? dzdsC(9) ||¢||Ws,p(9) —0 ash— 0+,
t Q 0

(5.5) ‘ /QE( |Ovtp q.c(x, t + )72 Ora(up,q.e(x,t + h))
— [9rttp e ()| Oty g o (@, 1)) () dr| <

Hg( |6tup7q,s('a t+ h)|q_2 ata(up,q,e(‘v t+h))— |atup,q,s('a t)|q_2 81&“(“107(176(" t)))‘

X
Le' (@)
|Q‘3 C(Q) ||’lp||W0>p(Q) —0 ash— O+,
where A; = sup |a'(2)|, A2 = sup |a”(2)|, £ + & = 1. The limits (5.3) and (5.4) are
|z1<M |z1<M v
valid due to estimates (3.5) and absolute continuity of the Lebesgue integral. The latter
inequality and the corresponding limit are valid since the set {e [T 8ta(up’q75)}€>0
is relatively compact in L (Gr).
From inequalities (5.3)—(5.5) and corresponding limits the following one-sided limit follows
T—h

(5.6) hl_i>%1+ ) lg(tp,q.e(st +h)) — g(“ﬁ»Qﬁ('?U)“W*mP(Q) dt = 0.

From estimate (3.5), boundedness of the domain €2, the maximum principle (3.4) and
Condition 1 it follows that

(5.7) {9(upg.e)}eso © LP(0, T Wy P () N LP(0, T LP ().

From (5.6) and (5.7) (see [14, theorem 5]) it follows that the set {g(up q.c)}e>0 is relatively
compact in LP(0,7T; LP(Q)) = LP(Gr). By the strict monotonicity of the function g the set
{tp,q.e te>0 is relatively compact in LP(Gr).

5.2. Entropy measure-valued solution (u,vg ).
We put ¢(x,t) = 01 H (up g (2, ), k)y(x,t) in (3.3b) and integrate by parts:

(5.8)
- /G (Q(up,q@ k)Ory + ®(up g.e, k) - Vy — a%H(“p,q@ k)(|vup,q,€|p +e |atup,q,€|q)7
T

O H (p ge, k) Vg g’ Vup g e Vy—01 H(up g e, k) |Ostip e "2 st q,.0ry) dazdt = 0,
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where v € C§°(Gr), v > 0, see (FB.3) in Definition 3. It follows from Definition 1 and
estimates (3.4) and (3.5) that the term 0 H (up.q4.c, k) [O¢up 4| is integrable and positive
almost everywhere on Gr:
(5.9) - /G (Q(UP’%E’ k)Oyy + (I)(up’q@ k)-Vvy— 8%H(up,q,67 k) |Vup,q,5|p’y

T
O H (pge, k) [Viup g’ Vup g o Vy—ei H(up e, k) |0stp.g.e| 2 Oty q.c0¢) dacdt < 0.

Because of estimates (3.4) and (3.5) the set {up q<}->0 is uniformly bounded in
Lr(0,T; Wol’p(Q))7 the sequence Vu, ., converges weakly to Vu in LP(Gr;R?) as | — oo
and ¢, — 0+. Moreover, there exists a gradient Young measure {v, .} and we can express
the following weak limit with the help of [15]:

OV H (11 s ) [Vt e (3 D)7~ Vg .o (10, 8) — Oy H (1, k) (Vg Sp(-)) =
00 H (u, k) / €172 € dv,.
y
Let Vu = [0 & dvg. Since
L(z,t,&) = 07 H(u(z, t), k) |€]° y(, t)

is convex in & € R%, we have the following result (see [16, Theorem 4.3])

(5.10) i H (u, k) |VulP v dadt < OFH (u, k) (Vg s, |-|P)y deedt <
GT GT

. . 2 P
lim inf /G ) 01 H (uc,, k) [Vp,q.c | 7y dadt.

Moreover, we have

(5.11)

/ e H(upge, k) |8tup7q,5\q72 Dptp,q,:01Y dwdt‘ <
Gr

o 1
Eé (/ c |8tuP’q’E|q d.’l)dt) ’ (/ |81H(up,q,e, k)@w\q dccdt) ? S
Gr Gr

q—1

e (0(4‘20)) ! (/ || d:]cdt)a sup |01H(z, k)| —0ase—0+.
Gr |z|<M

Since the set {up g, te>0 is uniformly bounded in L°°(Gr) and it is relatively compact in
LP(0,T; LP(Q)) (see subsection 5.1), from this set we can select a subsequence {uy 4, }ien
which has a limit w € L>(Gr)N LP(0,T; LP(€2)). Let function uy, 4, satisfy inequality (5.9)
when € = ¢;. It is easy to see that the function u satisfies the inequalities

ull oo (G < M, |Vul” dedt < C4.00)-
Gr
Therefore, a limit point of a subsequence {uy, 4., }ien is an entropy measure-valued so-
lution to equation (3.6). Moreover, a gradient Young measure vy, is associated with a
subsequence {Vuy, ¢ <, }ien.
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5.3. Essential limits (3.10) and (3.11).

We are going to prove the existence of essential limits (3.10) and (3.11) with the help of
boundary entropy-entropy flux triples from Example 2 (see section 2).

We put (¢, z) = a(t)8(x) in inequality (3.9), where o € C§°((0,T)), 8 € C§°(Q), a > 0,
B > 0. Here we follow the idea represented in [11]. It can be shown that the function

fraip(t) = /Q Q. (ul, 1), K) () de

belongs to BV ((0,T")). Moreover, similar results were proved in [8], [9]. Let |J E; = Q. We
replace smooth function () with a simple function > 8;x g, (). Moreover, initial data ug

can be approximated by > w;xg, (x). Therefore

‘/QQO,uO(m)(u(wﬂt)7k)ﬂ(w) dx — ;/El Qﬁ,wi (u(w,t),k)ﬂi de| — 0

for a.e. t € (0,T) as > w;xg, () = uo(x), D Bixe, () = B(x), § — 0+. The existence of
i Q i Q

(3.11) is proved in the same way.

5.4. On Remark 2.

It is important to note that it is impossible to deduce boundary conditions (3.13)—(3.14)
with the help of methods invented in [11]. Consider the functions s, £ € Co([0,T]),
introduced in [11]:

(5.12) s(t) = min{t, %,T —t}, k() =1— exp(fil?), te0,T).

Due to the presence of gat( |Otip g, 72 E?tup,qﬁ) in equation (3.1), we can not even formulate
the analogous lemma for u, 4. when ¢ # 2, ¢ > 1.

Lemma 1. For any value of the positive parameter € the inequality holds

(5.13) — / (Q(’U,p’g’s, k)0 + ®(up o, k) - Vy +eH(upoe, k)OFy
Gr
— O H (up e, k) [Vupa P72 Vg oo - Vy — 02H (upoc, k) [Vupa [P 7)éx. daedt <

2 [ Hlupa W)k 0y ot + Ay /Q (H (up(), )y (,0) + H(ur (@), k)y (e, T)) dz,

where (H,Q, ®) is an arbitrary boundary entropy-entropy fluz triple, v € C§° (2 X R) is non-
negative test function, k € R, M = max(|luo|| po gy [urll e (q)), A1 = max [[a’|| o ara)
KE = E/.A1.

With the help of Lemma 1 proved in [9] we deduce
6.1 = [ QRO + (k) V1 = O,k () - Ty
Gr

— OtH (u, k) |Vul? v) dedt < Ay /Q(H(u()(a:), k)y(x,0) + H(ur(x), k)y(z,T)) de.
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In comparison with (3.9), due to Ho yo(z)(uo(®), k) = Houp(e)(ur(z), k) = 0 ae. in Q,
the right hand side of inequality (5.14) enables to define signs of essential limits (3.11) and
(3.12). For details see subsection 5.3, also see [11], [8], [9].

CONCLUSION

In present paper we have proved only the existence of an entropy measure-valued solution
(4, Vg t) to the forward-backward p-parabolic equation. Function u has been obtained in the
form lim w,q. where u,q. is a weak solution to problem II,,.. We have not derived

e=04 17 @ b

boundary conditions in the case ¢ # 2, ¢ > 1, see Remark 2 in section 3.
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