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SPREADING AND VANISHING FOR NONLINEAR STEFAN
PROBLEMS IN HIGH SPACE DIMENSIONS

YIHONG DU, BENDONG LOU AND MAOLIN ZHOU

ABSTRACT. We classify the long-time behavior of solutions to nonlinear diffusive equa-
tions of the form u; — Au = f(u) for t > 0 and z over a variable domain Q(¢) C RY,
with a Stefan condition for u over the free boundary I'(t) = 9Q(t), and u(0,z) > 0 in
Q(0) = Qo. For monostable type of f and bistable type of f, we obtain a rather complete
classification of the long-time dynamical behavior of the solution to this nonlinear Stefan
problem, and examine how the behavior changes when (0, x) takes initial functions of
the form o¢(z) and o > 0 is varied.
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1. INTRODUCTION

We are interested in the long-time behavior of nonlinear Stefan problems of the form

uy = Au+ f(u) for x € Q(t), t >0,
(1.1) u=0and u; = p|V,ul? forz el(t), t>0,
u(0, ) = uo(x) for z € Q,

where Q(t) € RY (N > 2) is a varying domain with boundary I'(t) (commonly called the
free boundary), u > 0 is a constant. We assume that 2(0) = Qg is a bounded domain which
agrees with the interior of its closure Qg, 9§ satisfies the interior ball condition, and wug is
taken from the set

Z(Q) := {p € C(Q) N H () : ¢(z) > 0in Qo, ¢(x) =0 on IN}.
The basic assumptions on f are:
(F) { (i) f(0) =0 and f € C*T([0,dp]) for some &y > 0, « € (0,1);
(i) f(u) is locally Lipschitz in [0,00), f(u) <0 in [M,o0) for some M > 0.
Under these assumptions, by [7], (1.1) has a unique weak solution and it is defined for all
t > 0. Moreover, the following properties have been proved in [13]:
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Theorem A. (Theorem 1.1 in [13]) For each ¢ > 0, [(t) := T(t)\eo(Q) is a C*+ hy-
persurface in RY, and T' := {(t,x) : = € I'(t), t > 0} is a C?* hypersurface in RV *1,

Here ©6(£2g) denotes the closed convex hull of Q.

Theorem B. (Theorem 1.2 in [13]) (¢) is expanding in the sense that Qg C Q(t) C Q(s) if
0 <t < 5. Moreover, Q := U;~0€2(t) is either the entire space R, or it is a bounded set.
Furthermore,

(i) when Q. = RY, for all large t, I'(t) is a C*** closed hypersurface in RY and there
exists a continuous function M (t) such that

(1.2) I(t)c{z : M(t)—ndy < |z| < M(t)}, where dy is the diameter of Qo;

(ii) when Qg is bounded, lim; o [|u(t, )| Lo ((t)) = 0.

Theorem C. (Theorem 1.3 in [13]) If f(u) = u(a — bu) with a,b positive constants, then
there exists u* > 0 such that Q. = R if and only if u > p*. Moreover, when Q. = RV,
the following holds:
M(t
lim M) = ko(p) >0, lim max

t—oo ¢ t—o0 |z|<ct

u(t, ) - 3| = 0ve € (0. ko(w),
where ko(u) is increasing in g and lim, o ko (1) = 2+/a.

The proof of the above results is built upon techniques in [2, 18, 19, 20] and a number of
new ones. In particular, the following monotonicity lemma has played an important role.

Lemma D. (Lemma 4.2 in [13]) For any ¢ > 0, 2 € Q(t)\eo(€) and v € SV~ satisfying
v-(z—12) <0Vzew(Q), we have d,u(t,x) < 0.

Problem (1.1) is often used to describe the spreading of an invasive species or a new
species, whose population density at time ¢ and space location z is given by u(t, z), and the
population range at time ¢ is Q(t), with I'(¢) = 9€(¢) representing the moving spreading front
of the species. In this context, when . is a bounded set and lim; oo [|u(t, -)[| L (o)) = 0,
one often says that the species is vanishing. On the other hand, the case for Q. = RY
described in Theorem C indicates a situation that the species can invade the entire available
space and establish itself, which is widely called the spreading case. Thus Theorem C
gives a spreading-vanishing dichotomy for the long-time dynamical behavior of u(t, z). Such
a dichotomy was first discovered in [8] for the one space dimension case, and the result has
subsequently been extended in several directions (see, for example, [6, 7, 9, 10, 13]).

The main purpose of this paper is to obtain sharp long-time behavior for (1.1) in the spirit
of Theorem C above, but for much more general nonlinear functions f(u). Moreover, while
u is treated as a parameter in Theorem C to distinguish the spreading-vanishing behaviors,
here we will fix g1 > 0 and take uy = o¢, with ¢ € Z(p) fixed and o > 0 regarded as a
varying parameter.

Such a problem in one space dimension has been treated in [9] and [10] (after the initial
work [8]), where a rather complete theory has been established for f belonging to three
types of nonlinearities: Monostable type, bistable type and combustion type. However, in
higher space dimensions, the problem is much more difficult to treat, and the behavior of
(1.1) may be more complicated and even different, especially in the combustion case (which
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is studied separately in [11]). Here we only consider the case that f is monostable and the
case that f is bistable, as precisely described below.
In this paper, the nonlinear function f is said to be of monostable type if

(i) £(0) =0 and f € C'([0,00));
(far) (ii) ()>Oforse(01)andf()<Of0rs€(1,oo);
M (iii) f'(0) >0, f(1) <
(iv) f e CHr([0,61]) for some d; > 0 and « € (0,1).

A typical example of f(u) satisfying all the above conditions is u(1 — w).
The function f is said to be of bistable type if it satisfies

(i) f(0)=0and f € C1([0,0));

(ii) f(s ) <0 for s € (0,0)U (1,00) and f(s) >0 for s € (0,1);
(iii) f f(s)ds > 0;

EIV) '(0) <0, (1) <

v) f(u)/(u—0) is non—mcreasmg inue (9 1), where 6 € (6,1)

(fB)
is uniquely determined by fo ds = 0;
(vi) limgn g f(s)/(s — 0)" € (0, 00],
where k = % when N > 2, and « € (0,00) when N = 2;
(vii) f € C1*2([0,81]) for some &§; > 0, a € (0,1).

A typical example of f(u) satisfying all the conditions in ( fB) except for (v) is f(u) =

u(u — 6)(1 —u) with 6 € (0,3), and (v) is also satisfied if 6 € (&, 3).

The definitions for monostable and bistable nonlinearities here are more restrictive than
those in [9]. For monostable f, the extra requirement (iv) is due to the same restriction
used in [13]; for bistable f, the extra restrictions (v) and (vi) in (fp) are used to guarantee
the uniqueness of the “ground state solution” v for (1.3) below (cf. [21, 22]), and (vii) is
due to [13] as in the monostable case.

For monostable type of f our main results are contained in the following theorem.

Theorem 1. Assume that [ satisfies (far). Let ¢ € Z(Q) and let uq(t,x) be the solution
of (1.1) with initial function ug(x) = op(x), o > 0. Then there exists o* = oc*(¢) € [0, 0]
such that

(i) for 0 < o < o*, vanishing happens, i.e., Qs is bounded and

lim max u,(t,x) = 0;
t—00 2€0(1)

(ii) for o > o*, spreading happens, i.c., Qs = RN and
lim uy (t,7) = 1 locally uniformly in x € RN,
t— o0
M) =c"t —c(N —1)logt + O(1) as t = o0,

where ¢* and ¢, are positive constants independent of N and ug (they depend on f
and p only), and M(t) is given in (1.2).

The constants ¢* and ¢, are given in [14]; see Theorems E and F in Section 2 below. The
cases 0* = (0 and 0* = 0o can actually happen; see Remark 3 for details.

The next theorem is about bistable type of f.
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Theorem 2. Assume that f satisfies (fg). Let ¢ € T(Qo) and let uy(t,z) be the solution
of (1.1) with initial function ug(x) = o¢(x), o > 0. Then either vanishing happens for u,
for all 0 > 0, or there exists o* = o*(¢) € (0,00) such that

(i) for 0 < o < o*, vanishing happens, i.e., Qs is bounded and

Jim Jnax, Uy (t, ) = 0;

(ii) for o > o*, spreading happens, i.c., Qs = RN and

lim u, (t,7) = 1 locally uniformly in x € RN,
t— o0

M(t) =c"t —c(N —1)logt + O(1) as t = oo,
where ¢* and ¢, are positive constants independent of N and ug (they depend on f
and p only), and M(t) is given in (1.2);
(ili) for o = o*, a transition case happens, where we have Qo = RY and for any
sequence {ty} increasing to oo as k — 0o, there is a subsequence {ty,} and a point
xo € ¢0(o) such that

lim ug (g, x) = v(|z — 20]) locally uniformly for x € RY,
j—00

where v(r) is the unique positive solution to

N -1
(1.3) Upp +

v+ f(v) =0 forr>0, v.(0)=0, v(co)=0.

The rest of the paper is organized as follows. In Section 2, we study the radially symmetric
case of (1.1). In Section 3, we give the proofs for Theorems 1 and 2, where the results in
Section 2 are used extensively.

2. THE RADIALLY SYMMETRIC CASE

In this section, we study the radially symmetric case of (1.1), which forms an important
first step towards the proof of Theorems 1 and 2. In such a case, u = u(t,r) and Q(t) =
{r < h(t)}, with r = |z|. So the free boundary is given by r = h(t). To avoid confusion, we
will use w(t,r) to replace u(t,r) and rewrite (1.1) in the form

wy = Aw + f(w), 0<r<h(t), t>0,
91 wy(t,0) =0, w(t,h(t)) =0, t>0,
21) W (1) = — oy (t, h(t)), £>0,
h(0) = ho, w(0,7) =wo(r), r < ho,
N1

where Aw = w,, + =—w, and hg is a positive constant. For simplicity, we will choose the

initial function wq from
(2.2) H (ho) = {¢ € C2([0, ho]) : ¥(0) = ¥(ho) = 0, ¥(r) > 0 in [0, ho) }

For (2.1), apart from results needed for the proof of Theorems 1 and 2, we also con-
sider cases which are of independent interest. For that purpose, we will consider general f
satisfying

(2.3) f:]0,00) = Ris C! and f(0) =0,
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and
(2.4) f(w) < Kw for all w > 0 and some K > 0.

With f satisfying (2.3) and (2.4), by [6], for any given hg > 0 and wy € # (hg), (2.1)
has a classical solution (w(t,),h(t)) belonging to C*2(D) x C*([0,00)), such that all the
identities in (2.1) are satisfied pointwisely, where

D :={(t,r) : t € (0,00), r € [0, h(t)]}.
In the rest of the paper, the solution of (2.1) may also be denoted by (w(t, r;wp), h(t; wp)),
or simply (w, h), depending on the context.
By [6] we have h'(t) > 0 and w(t,r) > 0 for r € [0, h(t)). S0 hoo := im0 A(t) € (ho, 0]
always exists.
2.1. Main Results. Our first result on (2.1) is a general convergence theorem, which is an
analogue of Theorem 1.1 in [12] and Theorem 1.1 in [9].

Theorem 3. Suppose that f satisfies (2.3) and (w, h) is a solution of (2.1) defined for all
t>0. Ifw(t,r) is bounded, namely
w(t,r) < C forallt >0, re[0,h(t)] and some C >0,

then either hoo < 00 and limy_oo ||w(t,7)|| Loe (j0,n(t)])) = 05 07 hoo = 00 and lim;_,oo w(t,r) =
v(r) locally uniformly for r € [0, 00), where v(r) satisfies

N-1
(2.5) v+ Tv' + f(v)=0 forr>0, 2'(0)=0,

and either v = constant or v'(r) < 0 for r > hg; in the former case, the constant is

necessarily a nonnegative zero of f.

The proof of this theorem is given in subsection 2.4. Using this theorem we can prove the
following results, which give a rather complete description for the asymptotic behavior of
(2.1) with monostable and bistable types of f. We remark that the condition (iv) in (fa)
and (vii) in (fp) is not required for the radial case here.

Theorem 4. Assume that f satisfies (1)-(iii) in (far). If ho >0, ¢ € %(ho) and ’Lf wg(t,r)
is the solution of (2.1) with initial function wy = o), then there exists o* = o*(hg, ) €
[0, 0] such that

(i) for 0 < o < o*, vanishing happens, i.e., hoo < 00 and

lim max w(t,r)=0;
00 0<r<h(t)

(ii) for o > o*, spreading happens, i.e., hoo = 00 and

tlim w(t,r) =1 locally uniformly in r € [0, 00),
—o0

For bistable f we have a trichotomy result.

Theorem 5. Assume that f satisfies (1)-(vi) in (fg). If hg >0, ¥ € # (ho) and if we(t,r)
is the solution of (2.1) with initial function wy = ob, then either w, vanishes for every
o > 0, or there exists o* = o*(ho,¢) € (0,00) such that

(i) for 0 < o < o*, vanishing happens, i.e., hoo < 00 and

lim max w(t,r)=0;
t—00 0<r<h(t)
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(ii) for o > o*, spreading happens, i.e., ho = 00 and
tlggo w(t,r) =1 locally uniformly in r € [0, 00)
(iii) for o = 0%, hoo = 00 and
tlggo lw(t,r) —v(r)| = 0 locally uniformly in r € [0, 00),

where v is the unique positive solution to

(2.6) v+ v+ fv)=0 forr>0, '(0)=0, v(cc)=0.

When spreading happens in Theorems 4 and 5, much better descriptions of the long-time
behavior of (w(t,r), h(t)) have been obtained in [14]. For convenience of reference and later
use, we recall them below.

We need the following result for the semi-wave from [9].

Theorem E (Proposition 1.8 and Theorem 6.2 of [9]) Suppose that f satisfies (i)-(iii) in
(far), or it satisfies (i)-(iv) in (fp). Then for any u > 0 there exists a unique ¢* = ¢*(u) > 0
and a unique solution .« to

(2.7) q"—cq' + f(g) =0, ¢>0 in (0,00), ¢(0) =0, g(c0) =1

with ¢ = ¢* such that ¢/.(0) = %

We remark that this function g~ is shown in [9] to satisfy ¢/.(z) > 0 for z > 0, and it is
called a semi-wave with speed c*.

When spreading happens for (2.1), namely
heo = 00 and tlim w(t,r) = 1 locally uniformly for r € [0, c0),
—00

it is shown in [14] that the following holds.

Theorem F (Theorem 4.1 of [14]) Let f be as in Theorem E, and suppose spreading happens
for (2.1). Then there exists ¢, > 0 independent of N, and h € R! such that

(2.8) Jim [h(t) — c*t + (N — 1)c, logt] = h,

w(t,r) — ge= (¢t — (N = 1)e, logt 4+ h —r)| = 0.

lim sup ’
1200 1e(0, h(t))

Moreover, the constant c, is given by

*

1
Cy = —, =1+ " .
e ¢ 12 [ gl (2)2e7¢"2dz
2.2. Comparison results. We give some basic comparison results which will be used later

in the paper. In these results, we always assume that f satisfies (2.3).

Lemma 1. Suppose that T € (0,00), h € C*([0,T]), w € C(Dr) N C*%(Dr) with Dy =
{(t,r) eR2:0<t<T,0<r<h(t)}, and

wy > Aw + f(w) for0<t<T, 0<r<ht),

Wt h(t) =0, R (t)>—pw,(t,h(t)) for0<t<T,

w,(t,0) <0 for0<t<T.
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If
ho < h(0) and wo(r) <w(0,7) in [0, ho),
then the solution (w,h) of the free boundary problem (2.1) satisfies
h(t) < h(t) in (0,T], w(t,r) <w(t,r) fort € (0,T] and r € [0,h(t)).

hoe CY(0,T), w € C(D&) N CY2(D5) with

Lemma 2. Suppose that T € (0,00), &,
t) <r < h(t)}, &(t) > 0in [0,T] and

Dr={(t,r) eR?:0<t<T, ¢

w; > AW + f(w) for0<t<T, &) <r < h(t),
w(t,&(t)) > w(t, &(t)) for0<t<T,
Wt h(t) =0, R (t)>—pw.(th(t) for0<t<T,

with
£(0) < ho < h(0), wo(r) <w(0,7) in [§(0), hal,
where (w, h) solves (2.1). Then
h(t) < h(t) in (0,T), w(t,r) <w(t,r) fort € (0,T] and £(t) <7 < h(t).

The proof of Lemma 1 is identical to that of Lemma 5.7 in [8], and a minor modification
of this proof yields Lemma 2 (see also [9]).

Remark 1. The function w, or the pair (w, /) in Lemmas 1 and 2 is often called an upper
solution to (2.1). A lower solution can be defined analogously by reversing all the inequalities.
We also have corresponding comparison results for lower solutions in each case.

The following result shows that an upper solution in one space dimension can often be
used to construct an upper solution in high space dimensions.

Lemma 3. Suppose that t, <ty and &, h € C'([t1,t2]), w(t,y) € C(D.) N C2(D.) with
D, ={(t,y) e R*: t; <t < 1,0 <E&(t) <y <h(t)}, and

W > Wy, + F) for y € 0,0, ¢ € 1, ta]
Assume that
wy(t,y) <0 for y € [E(t),h(t)], t € [tr,ta].
Then w(t,r) := w(t,r) satisfies
Wy > AW+ f(@) for r € [€(t),h(t)], t € [t1,ta].
Proof. Since wy(t,y) <0, a direct calculation gives

Wy — AW — f(d) = Wy — Wyy — ?m — f(@) > W, — Wyr — f(@W) > 0.
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2.3. Local and global existence. The following local existence result can be proved in
the same way as in [6] (see Theorems 2.1 and 4.1 there).

Theorem 6. Suppose that (2.3) holds. For any given wy € # (ho) and any «a € (0, 1), there
is a T > 0 such that problem (2.1) admits a unique solution

(w,h) € CUT/21H(Gr) x C1F/2([0,T));
moreover,
(2'9) Hw||c(1+a)/2.1+a(§T) + Hh||cl+a/2([0’T]) <,
where Gp = {(t,r) € R? : t € (0,T], r € [0,h(t)]}, C and T depend on hg, o and
llwollc2((0,ho)) -

Remark 2. As in [6, 8], problem (2.1) can be converted to a problem in a fixed domain.
Using the Schauder estimates to the latter problem, one can obtain additional regularity for
the solution. Therefore, we indeed have w € C1+e/2.2+e(Gr).

Lemma 4. Suppose that (2.3) holds, (w,h) is a solution to (2.1) defined for t € [0,Ty) for
some Ty € (0,00), and there exists C1 > 0 such that

w(t,r) < Cq fort e [0,Tp) and r € [0, h(t)].
Then there exists Cy depending on Cy but independent of Ty such that
0<h(t)<Cy forte (0,Tp).
Moreover, the solution can be extended to some interval (0,T) with T > Tp.

The proof of this lemma is identical to that of [6, Lemma 4.2] (see also [8, Lemma 2.2]
and [9, Lemma 2.6]). This lemma implies that the solution of (2.1) can be extended as long
as w remains bounded. In particular, if f satisfies (2.3) and (2.4), then the solution of (2.1)
exists for all ¢ > 0.

2.4. Proof of Theorem 3. To prove Theorem 3, we need the following lemma.

Lemma 5. Suppose that (w(t,r), h(t)) is a solution of (2.1) as given in Theorem 3. Then
(2.10) wy(to,r) <0 for all to > 0, r € (ho, h(to)].

Proof. First wy.(to, h(to)) < 0 follows from the Hopf lemma directly. For any r1 € (ho, h(to)),
there exists a unique t; € (0,ty) such that h(t;) = r1 and h(t) > ry for t > ¢;. By the Hopf
lemma again, we have w,.(t1,71) = w,(t1, h(t1)) < 0. To prove (2.10) we need to show that
wy(to,m1) < 0.

We actually show that w,(t,71) < 0 for ¢t € (¢1,%o]. Note that u(t, z) := w(t,|z|) = w(t,r)
is a radially symmetric solution of (1.1) for ¢ € [0,00) and 2 € By . For t > t; denote

Gy = {x = (x1,2") € By : ©1 > 11}
and define
2(t,x) = ult,z1,2") —u(t,2ry —z1,2") for z € Gy.

Then we have

2zt = Az+c(t,x)z fort >t;, z € Gy and some ¢ € L™,
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and
z(t,z) =0forx € 0G:N{x 21 =m}, =2(t,x) <0 forx € dG:N{x:z1>r}.
Hence we can apply the strong maximum principle and the Hopf lemma to deduce
z(t,x) < 0in Gy, 24 (t,x) <0 forz € 0G:N{x:x1 =11}, t > 1;.
We thus have 0 > z,, (¢,71,0) = 2ug, (¢,71,0) = 2w, (¢,71) for t > t5. O

Proof of Theorem 3: We will make use of Lemma 5 and follow the ideas of [9, 12] with
considerable variations.

Let (w,h) be a solution of (2.1) as given in the theorem. Then hy, is either a finite
positive number or ho, = 00. If ho < 00, then the same reasoning as in [8, 9] shows that
limg—so0 |w(t, )| Lo (j0,n(1))) = O-

Next we consider the case that ho, = c0. Denote by w(w) the w-limit set of w(t,-) in the
topology of L$2.([0,00)), namely, a function 1 € w(w) if and only if there exists a sequence

loc

0<t <ty <tz <---— 0o such that

(2.11) li_)m w(tn,r) =n(r)  locally uniformly in [0, c0).

By standard parabolic estimates, we see that the convergence (2.11) implies convergence in
the C2 ([0, 00)) topology. Thus the definition of w(w) remains unchanged if the topology of

loc
L7 ((0,00)) is replaced by that of CZ ([0, 00)).

It is well-known that w(w) is compact and connected, and for any 1 € w(w) there exists
an entire orbit passing through it, namely a solution of 7; = 7. + f(7) defined for all t € R
and r € [0,00), that satisfies 77(0,7) = n(r). We can find such an entire solution 7(¢,7) by

choosing a suitable sequence 0 < t; <ty < t3 < --- — o0 such that

(2.12) w(t +ty,r) = 7(t,r) as n — oco.
Here the convergence is understood in the Ly, sense in (¢,7) € R x [0, 00), but, by parabolic

regularity, it takes place in the C2%(R x [0, 00)) sense as well.
For clarity we divide the arguments below into two parts, each proving a specific claim.

Claim 1: w(w) consists of solutions of (2.5), namely functions v(r) satisfying

(2.13) Vpp + v+ f(v) =0 forr >0, v-(0) = 0.

Let n(r) be an arbitrary element of w(w) and 7(¢, r) be the entire orbit satisfying 7(0,7) =
n(r). Since 7 is a nonnegative solution of

ﬁt:Aﬁ+f(ﬁ)a tGR,Te[0,00),

and f(0) = 0, by the strong maximum principle we have either 7(¢,7) > 0 for all ¢ € R and
r € [0,00), or 7} = 0. In the latter case we have n = 0, which is a solution to (2.13). In what
follows we assume the former, namely n(r) > 0 for r € [0, 00).

By Lemma 5, n/(r) < 0 for r € [hg,00), and 7'(0) = 0. Let v(r) be the solution of the
following initial value problem:

N -1
(2.14) Upp + — + f(v)=0 forr>0, v(0)=mn(0)>0, v.(0)=0.
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This problem has a unique positive solution defined for all small r > 0 (see [22]). By unique
continuation, v(r) can be extended to a positive solution of (2.14) in [0, c0), or a solution of
(2.14) with compact positive support, namely there exists R > 0 such that

v(r) > 0in [0, R) and v(R) =0 or v(R) = oo.
In case v has compact positive support, denote
hi(t) := min{R, h(t)} for ¢ > 0.

Since h(t) is strictly increasing with ho, = oo, we can find some large t; > 0 such that
h(t) > hl(t) = R for t > t;.
In case v > 0 in [0, 00), we simply take hq(t) := h(t) and ¢; = 1. Then

z(t,r) = wt,r) —v(r), rel0,hi(t)), t >t

satisfies

(2.15) { N re [0, h(), t>h,

2-(£,0) =0, z(t, h1(t)) #0, t>t,
for some ¢ € L$2.(D), with D := {(t,7) : t > t1, 0 < r < hy(t)}. Denote by Z(z(t,-)) the

loc
number of zeros of z(t,-) on [0, hi(t)).
By Theorem 2.1 of [4]; one sees that
(i) Z(z(t,-)) < oo for any t > t1;
(ii) Z(z(t,-)) is monotone nonincreasing in t;
(iii) if 2(to,r0) = 2r(to,70) = 0 for some to > t; and 0 < 9 < hy(to), then Z(z(t,-)) >
Z(2(s,-)) for any t1 <t <to < s.

Consequently, for sufficiently large ¢, the function z has fixed number of simple zeros on
[0, h1(t)). In view of this and the fact that

loc

nh_g)lo 2(t+tn,r) =q(t,r) —o(r) in CU2(R x [0,hy(0))),

we see (cf. [12, Lemma 2.6]) that for each ¢ € R, either 7(t,r) = v(r) on [0, hi(c0)), or
f(t,r) — v(r) has only simple zeros on [0, hi(c0)). The latter, however, is impossible for
t = 0 since r = 0 is a degenerate zero of 7(0,7) — v(r) = n(r) — v(r). Consequently,
7(0,7) = n(r) = v(r). This proves Claim 1.
Claim 2: w(w) consists of a single function which is a solution of (2.5), and it is either a
nonnegative constant or a positive radially symmetric function strictly decreasing for r» > hy.
By Claim 1, w(w) consists of solutions of (2.5). First, we show that w(w) is a singleton.
Otherwise, w(w) contains infinitely many elements since it is connected. Let wvy,vy and
vs be three distinct functions in w(w). Then v;(0), v2(0) and v3(0) are different from
each other since v1(r), va(r) and wvs(r) are distinct solutions of (2.14) with initial values
(v(0),'(0)) = (v;(0),0) for ¢ = 1,2,3, respectively. Without loss of generality we can
assume v1(0) < v2(0) < v3(0). Using Lemma 6 below, we see that w(t,0) — v2(0) never
changes sign for sufficiently large ¢. This clearly contradicts the fact that vy, vs € w(w).

ITheorem 2.1 of [4] treats the case where the linear parabolic equation is satisfied over (t,7) € [T}, T2] X
[0,1]. However, the proof there easily carries over to the case of (2.15) where the boundary is r = hy(t)
instead of r = 1.
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So we have proved that w(w) is a singleton. Suppose w(w) = {n}. By Claim 1, n(r) is a
solution of (2.5). Then ¢ := 7, satisfies

N -1 N -1
C+ | f(n)— - (=0 for r>0.

1
i
It follows from Lemma 5 that ((r) < 0 for r > hg. Hence by Harnack’s inequality either
¢(r) = 0 for all » > hg, or {(r) < 0 for all » > hg. In the former case, by the unique
continuation property of the solutions to the above linear ODE, we deduce 7(r) = 0 for all
r > 0. This proves Claim 2.

The proof of Theorem 3 is now complete under the assumption that Lemma 6 bow is
valid. O

Lemma 6. Let (w, h) be given in Theorem 3, with heo = 0o0. Suppose that v € w(w). Then
there exists t* > 0 large such that w(t,0) — v(0) does not change sign for t > t*.

Proof. The function z(t,7) := w(t,r) — v(r) satisfies an equation of the form (2.15), with
h1(t) replaced by h(t), and t; replaced by 0. Hence the number of zeros of z(¢,-) in [0, h(t)],
denoted by Z(z(t,)), has the properties (i), (ii) and (iii) stated just below (2.15).

We now use the idea of [17]. Denote

AT = {(t,r) : t >0, r € [0,h(t)], 2(t,r) > 0},

A7 ={(t,r):t >0, r€[0,h(t)],z(t,r) <0},
and for each s > 0 set
s :={(t,r):t>s, r€[0,h(t)]}, s :={s} x [0, h(s)].

The proof of Lemma 2 in [17] yields the following conclusion: Fiz ty > 0 and let C' be
any connected component of AY NYy,. Then C Ny, # 0. The same assertion holds for any
connected component of A~ NYy,.

If there is a sequence tg < t1 < ty < ... < tp < ... satisfying

lim t, = oo, (—1)%z(t,0) > 0,

k—o0
then let C’;’ be the connected component of A* N ¥, that contains (t5,0), and C} be the
connected component of A~ N X, that contains (t2;-1,0), j = 1,2,.... Clearly these are
disjoint connected sets, and the above stated conclusion indicates that

Cjﬁlto#@, C; Nlyy # 0 for all j > 1.

¥

So we may choose z;

and T such that
(to,z]) € Cf Ny, (to, ;) € C; Ny, j=1,2,...

Since ¢y, is strictly increasing in k, it is easily seen that z; < xj < forj=1,2,... This
implies that z(to,r) changes sign infinitely many times for r € [0, h(tp)], a contradiction to
property (i) for Z(z(t,-)).

Hence there exists some large t* > 0 such that z(¢,0) does not change sign for r > t*. O



308 YIHONG DU, BENDONG LOU AND MAOLIN ZHOU

2.5. Stationary solutions. In this subsection we assume that f satisfies (i)-(iii) in (far)
or (i)-(vi) in (fp), and (w, h) solves (2.1) with hoo, = co. We want to better understand
the nonnegative solutions of (2.5) which belongs to w(w). By Lemma 5, w,(t,7) < 0 for
r € (ho, h(t)], so for any v € w(w), we easily see that

(2.16) 0<wo(r)<1 forr >0, o'(r)<0 forr > ho.
Therefore, we only focus on solutions of (2.5) which satisfy (2.16).

For monostable f, by Theorem 1.1 of [5], we immediately obtain

Lemma 7. Assume that f satisfies (1)-(iii) in (far), and v is a nonnegative solution of (2.5)
satisfying 0 < v < 1. Then either v=0 orv=1.

For bistable f, we first prove

Lemma 8. Assume that f satisfies (1)-(vi) in (f). Then (2.5) has a unique ground state
solution, namely a positive solution Vo(r) satisfying V§(r) < 0 for r > 0 and Vy(oo) = 0.

Proof. The following initial value problem
N -1
(2.17) v + TUI + f(v) =0 forr >0, v(0)=8>0, v.(0)=0

has a unique solution defined on some maximal interval [0,7*) with 0 < r* < oo, which we
denote by v(r; ).

Clearly v(r;0) = 6 and v(r;1) = 1. For g € I := (6,1), since f(v) > 0 for v € (0,1), we
easily see from (2.17) that v'(r; 8) < 0 for small r > 0. Set

I_:={B el : 3ry>0such that v(rg;3) =0 and v'(r; 8) < 0 for r € (0,7¢]}
and

I.:={Bel : Jry>0such that v'(ro; 3) = 0 and v(r; 8) > 0 for r € [0,70]}.

By [1, Lemma I.1] and its proof, I and I_ are nonempty, disjoint, open and (0, 0] C .
Therefore, the set J := I\(IL UI_) C (#,1) is not empty, and for any 31 € J, the unique
solution v(r; B1) of (2.17) satisfies

V'(r;B1) <Oforallr >0, lim v(r;3;) =wv. > 0.
T— 00
By [1, Lemma 1.2], v, = 0 or 0. However, due to (vi) in (fg), we can apply Theorem 1.1 of

[5] to exclude the possibility of v, = 6. Therefore, v(r;81) \ 0 as r — oo, and so v(r; 81) is
a solution of (2.17) with g = ; and

(2.18) v(r) >0, v'(r) <0 forr >0, v(cc)=0.

Such a solution is generally called a ground state solution.

On the other hand, by [21, 22] the ground state solution is unique if (i), (ii) (iii) and (v)
in (fp) are satisfied. Hence, when f satisfies (i)-(vi) of (fg), the problem (2.5) has a unique
ground state solution V() := v(r; 81). O

The above proof indicates that
(2.19) J={V(0)} ={p}, I+ = (6,V0(0)) and I = (Vo(0),1).
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Lemma 9. Assume that f satisfies (1)-(vi) in (fp), and v is a solution of (2.5) satisfying
(2.16). Then v € {0,1,0,Vo} or it satisfies

v(0) € (0, V0(0)) \ {0}, v(o0) = 0.

Proof. Let v(r) be a solution of (2.5) satisfying (2.16) and v & {0,1,6, Vy}. By the definition
of I_ we see that v(0) ¢ I_ = (V5(0),1). Clearly we also have v(0) ¢ {0, 1,6, V5(0)}. Hence
necessarily v(0) € (0,0) U (¢, V5(0)).

By (2.16), v(r) \( v as r — oo for some v > 0. Therefore, for some sequence r, — oo
satisfying v’(r,) — 0, by replacing r = r,, in the equation of (2.17) and letting n — oo we
deduce lim, o0 v’ (1) = f(7y). This, together with v(co) = =, implies that f(v) = 0, and
soy =60 or 0.

We claim that v = 0 is impossible. In fact, when v(0) = 8 € I, = (0, V;(0)), there exists
r. > 0 such that v'(r) < 0 for r € (0,7.) and v'(r.) = 0. Hence v"'(r.) = —f(v(r.)) > 0.
Clearly, f(v(r+)) # 0, for otherwise, v = v(r.) is the unique solution of the equation in
(2.17), a contradiction. Therefore, f(v(r.)) < 0, which implies

(2.20) v(ry) € (0,0), V'(ry) =0, v"(r.)>0.

If v = 0, that is, v(r) N\, 0 as r — oo, then there exists a sequence r,, — oo such that
v(r,) — 0, v'(r,) — 0 as n — oo. Multiplying the equation in (2.17) by 20’ and integrating
it on [ry,r,] we have

T _ v(ry) v(ry)
0= [v'(rn)]2+/ m[v'(r)]zdr—&—Q/ F(s)ds > [v’(rn)]Q—l—Q/ F(s)ds.

" o(r«) v(r)

Letting n — co we deduce

v(Ty)
/ f(s)ds > 0.
0

Since v(ry) € (0,0) and f(s) < 0 for s € (0,v(r.)), the above inequality is impossible.

If v(0) = 5 € (0,0) and v = 0, we obtain a similar contradiction by taking r. = 0 in
the above argument. Hence v = 0 is impossible, and v(r) satisfies v(0) € (0,V5(0)) \ {0},
v(oc0) = 6. O

Next we consider solutions of (2.5) which have compact positive support, namely, func-
tions v(r) that satisfies (2.5) over some finite interval [0, R), with v(R) = 0, v(r) > 0 for
r € [0, R). These solutions will be used to find sufficient conditions for spreading of (2.1).
Lemma 10. Suppose that f satisfies (1)-(iii) in (far). Then there exists Ry > 0 such that
for any R > Ry, (2.5) has a solution vr(r) satisfying
(2.21) vr(0) € (0,1), vR(r) <0 forre (0,R], vgr(R)=0.

Proof. We use a standard upper and lower solution argument, the details are included here
for completeness. Let A be the first eigenvalue of the problem

—Au=Mu in B, u =0 on 0Bpg,

and ¢ > 0 the corresponding eigenfunction with ||¢||ec = 1. It is well known that 0 < A\ — 0
as R — oo. Choose Ry > 0 large enough such that A < f/(0) for all R > Ry. Then for all
small € > 0, f(ep(w)) > Mep(x) in Bg. It follows that

—A(ep) < f(e¢) in Br, €¢ =0 on OBg.
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Thus €e¢ is a lower solution to the problem
(2.22) —Au = f(u) in Bg, u=0on dBg.

Since f(1) = 0, clearly the constant function 1 is an upper solution of (2.22). Therefore
by the standard upper and lower solution argument we know that (2.22) has a solution
u satisfying 0 < u < 1 in Bpg, for every R > Ry. The well-known Gidas-Ni-Nirenberg
symmetry result infers that such a solution is radially symmetric, and u'(r) < 0 for r €
(0, R). O

Lemma 11. Assume that f satisfies (i)-(vi) in (fg). Then for every B € (V5(0),1), there
exists Rg > 0 such that (2.5) has a solution vg(r) satisfying

vg(0) = B, v'ﬁ(r) <0 forr € (0,Rg], vg(Rg) = 0.

Proof. By (2.19), we have I_ = (V5(0),1), and the existence of vg follows directly from the
definition of I_. O

2.6. Sufficient conditions for vanishing. For f satisfying (i)-(iii) in (fas) or (i)-(vi) in
(fB), we give some sufficient conditions ensuring that vanishing happens for (2.1). The
following upper bound for w is an easy consequence of the standard comparison principle.

Lemma 12. Assume that f satisfies (2.3) and (2.4). Then, for any hg > 0 and any
wg € K (hg), the solution w(t,r) of (2.1) satisfies
Kt

(2.23) w(t,r) <

= (4;)”2/3 wo(|é))dE  for 0 <r < h(t), t>0.

0

Proof. Consider the Cauchy problem

Wy = AW+ Kw, xzeRN, t>0,
224 LR D ha, e
where
_ wo(r), re [O,ho},
®(r) = { 0, r € [hy, o0).
Using the fundamental solution we have

Kt eKt

(ol = g [, T elehs < s [ wlehde

By the standard comparison theorem, we have w(t,r) < @(t,r) for t > 0 and r € [0, h(t)],
and the required inequality follows. ([

Proposition 1. Let hg > 0 and ¢ € J# (hg). Then vanishing happens to (2.1) with ug = ¢,
namely

hoo < 00 and limy—,oc [|w(t, 75 9)|| Lo (j0,n1))) = 0,
if one of the following conditions holds:

(i) f satisfies (1)-(iii) in (far), ho < A/A1/f'(0) and ||p||Le is sufficiently small, where

A1 > 0 is the first eigenvalue of
(2.25) —Ap = A\pin B;(0) C RV, ¢ =0 on 9B;1(0);
(i) £ satisfies (i)-(vii) in (fz), and [|¢] o < 0;
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(iii) f satisfies (1)-(vii) in (fB), and

2r N\ N/2
2.2 de <0 | —— .
- oo (22)

Proof. (i) Since hZf’(0) < A1, there exists a small § > 0 such that

At

(2.27) T o

- f(0) > 24.

Moreover, there exists an s > 0 small such that
—2u¢ (1)s < 6%hE, and  f(u) < (f(0)+ d)u for u € [0, s],
where ¢1 = ¢1(|z|) is the first eigenfunction of (2.25) corresponding to A; which satisfies
01(r) >0 forr €[0,1), 1(0)=0 and ¢)|(r) <0 forr € (0,1].
Set

k(t) := ho(l +0—- ge_ét) and  w(t,r) = se %y, (ﬁ)

Clearly w(t, k(t)) = w,(¢,0) = 0. A direct calculation shows that, for ¢ > 0 and r € [0, k(¢)],

wt—Aw—f(uv)z< A1 2—f’(0)—25>w20.

h3(1+6)

On the other hand, by the choice of s we have

painy (£, k(t)) = pse " 2L

Choose 1 := S<p1(%)- When ||¢|| < &1, we have

2r

¢(7") < e < spq (m

) =w(0,7) for r €0, ho).

Therefore, (w(t, ), k(t)) is an upper solution to (2.1). By Lemma 1 we have
h(t) < k(t) < ho(1+9), he < 0.

By Theorem 3, lim; o ||w(Z, -)|| o< (0,n(¢))) = 0. This proves (i).

By Lemma 3 we can use the same upper solutions as in the proof of Theorem 3.2 of [9]
to prove (ii). Finally, (iii) follows from (ii) by making use of (2.23) with ¢t = %, and regard
this ¢ value as the initial time. O

From this proposition, we immediately obtain

Corollary 1. If f satisfies (1)-(vi) in (fB) , then imy oo [[w(t,)||Lo(0,ne)) = O implies
that hee < 00.
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2.7. Sufficient conditions for spreading. We will use Lemmas 10, 11 and the notations
VR, RM, Up and ng there.

Proposition 2. Let (w,h) be the solution of (2.1). Then spreading happens, i.e.,
hoo =00 and tlim w(t, ) =1 locally uniformly in [0, o),
—00

provided that one of the following conditions is satisfied:

(i) f satisfies (1)-(iil) in (far) and hg > R, wo > vg on [0, R] for some R > Ry;

(ii) f satisfies (1)-(vi) in (fB) and ho > Rg, wo > vg on [0, Rg| for some § € (V5(0),1).
Proof. (i) In this case, by the comparison principle we have w(t,r) > vg(r) for all ¢ > 0 and
r € [0, R]. The convergence result (Theorem 3) implies that w converges to a solution v of
Av + f(v) =0 on [0,00). We thus obtain o(r) > vg(r) for r € [0, R]. In view of Lemma 7,
we must have v = 1.

(ii) Similarly by the comparison principle we have w(t,r) > wvg(r) for all ¢ > 0 and
r € [0, Rg]. The convergence result (Theorem 3) indicates that w converges to a solution o of
Av+f(v) = 0on [0, 00). Hence o(r) > vg(r) for r € [0, Rg]. It follows that 7(0) > 5 > V;(0).
By Lemma 9 we necessarily have v = 1. ([

2.8. Dichotomy and sharp threshold for monostable f. In this subsection, based on
the results in the previous subsections, we give a complete description of the long-time
dynamical behavior of the solutions of (2.1) for monostable f.

Theorem 7 (Dichotomy). Suppose f satisfies (i)-(iil) in (far), and hg > 0, ug € J# (ho)
and (w, h) is the solution of (2.1). Then either spreading happens, namely, ho = 00 and

tlim w(t,r) =1 locally uniformly in [0, 00),
—00

or vanishing happens, namely, ho, < 0o and

lim max w(t,r)=0.
t—o00 ref0,h(t)]

Moreover, when vanishing happens, hso < %, where A1 is the first eigenvalue of (2.25).

Proof. This is a simple variation of that of [9, Theorem 5.1]; the details are omitted. O

Theorem 8 (Sharp threshold). Let f satisfy (i)-(iii) in (far). Suppose that hg > 0, ¥ €
H (hg), and (wg,he) is the solution of (2.1) with wy = o, o > 0. Then we have the
following conclusions:

(i) If ho > 1/% then spreading happens for w, for every o > 0.

(ii) Ifho < %, then there exists o* = o*(hg, ¢) € (0, 00] such that spreading happens

when o > o*, and vanishing happens when 0 < o < o*.

Proof. The proof is a simple variation of that of [9, Theorem 5.2]. We again omit the
details. 0
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2.9. Trichotomy and sharp thresholds for bistable f.

Theorem 9 (Trichotomy). Suppose that f satisfies (1)-(vi) in (fg), ho > 0, wo € J (hg)
and (w, h) is the solution of (2.1). Then exactly one of the following three cases happens:
(i) Spreading: ho = 00 and

tlim w(t,r) =1 locally uniformly in [0, 00),
— 00

(ii) Vanishing: he < 00 and

lim max w(t,r) =0,
t—00 0<z<h(t)

(iii) Transition: ho = 00 and

lim w(t,r) = Vo(r) locally uniformly in [0, 00),
t—o0
where Vyy is the unique ground state solution of (2.5).

Proof. By Theorem 3, we have either ho,, < 0o or hy, = 00, and in the former case,
limy oo max,jo,n(e) w(t, ) = 0.

Suppose now ho, = co. By Lemma 5, Theorem 3 and Lemma 9, v(r) := lim;_, o w(t, )
is a function in {0,6,1,Vh}, or it satisfies v(0) € (0, V5(0)) \ {0}, v(c0) = 0.

We now show that v € {1,Vy}. Since ho, = o0, by Corollary 1, v = 0 is impossible. It
remains to exclude the case v = 6, and the case v(0) € (0,V(0)) \ {0}, v(o0) = 6. Clearly
in both cases we have v(c0) = 6.

For the solution w of (2.1), we set

h(t)
(2.28) E(t):= / {1|Vw|2 - F(w)} dx = / WN [1wf - F(w)] TNy,
Bh(t)(o) 2 0 2

with wy denoting the surface area of the unit sphere in RY, and

P = | " (s

It is easily checked that F(t) is well-defined and E’'(¢) < 0.

Next we make use of E(t) to show that v(co) = 6 leads to a contradiction. Choose Ry > 0
large such that v(r) < 3(6 + ) for r > Ry. For any fixed R > Ry, we can find T'=Tx > 0
large so that

h(t) > R, w(t,R) < é(ﬁ +20) for t > T.

Due to the monotonicity of w(t,r) in r for r > hyg, it follows that w(t,r) (t,R) < 6§ for

w
t > T and r > R. Hence F(w(t,r)) < 0 for such (¢,r), and we have, for ¢t > T,

IV IA

R R
1
E0) > E(t) > / WwN [wa - F(w)] rNdr > —/ wy F(w)rN " tdr.
0 0
Letting ¢t — oo we obtain
R
—/ wy F(v(r))rN~tdr < E(0) for all R > Ry.
0

Since F(v(r)) — F(0) < 0 as 7 — o0, the above inequality cannot hold for all large R. This
contradiction shows that v(co) = 6 is impossible. Hence v € {1, V,}. O
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Theorem 10 (Sharp threshold). Suppose that f satisfies (i)-(vi) in (fg), and hg > 0,
¢ € K (hg), and (w,h) is a solution of (2.1) with wg = o¢, o > 0. Then there exists
o* = 0*(hg, ®) € (0,00] such that spreading happens when o > o*, vanishing happens when
0 <o < o*, and transition happens when o = o*.

Proof. By Proposition 1 (ii) we find that vanishing happens if o < 6/||¢||co. Hence
0* =0*(hg,¢) :=sup {og : vanishing happens for o € (0,00]} € (0, +00].
If 0% = +o00, then there is nothing left to prove. So we assume that ¢* is a finite positive
number.
By definition, vanishing happens for all o € (0,0*). We now consider the case ¢ = o*. In
this case, we cannot have vanishing, for otherwise we have, for some large to > 0, w(tg,r) < 6
in [0, h(to)], and due to the continuous dependence of the solution on the initial values, we

can find e > 0 sufficiently small such that the solution (we, h.) of (2.1) with wg = (¢* + €)¢
satisfies
we(tg,r) < 0 in [0, he(to)]-

Hence we can apply Proposition 1 (ii) to conclude that vanishing happens to w,, a contra-
diction to the definition of o*. Thus at ¢ = ¢* either spreading or transition happens.

We show next that spreading cannot happen at ¢ = o*. Suppose this happens. Let vg
and Rg with 8 € (V4(0), 1) be given by Lemma 11. Then we can find ¢, > 0 large (depending
on () such that

(2.29) h(to) > Rg, w(to,r) > va(r) in [0, Rg].

By the continuous dependence of the solution on initial values, we can find a small € > 0 such
that the solution (w€, h¢) of (2.1) with wy = (0* — €)¢ satisfies (2.29), and by Proposition
2, spreading happens for (w€, h¢). But this is a contradiction to the definition of o*.

Hence transition must happen when ¢ = o*. We show next that spreading happens when
o > o*. Let (w, h) be the solution of (2.1) with wg = o¢ for some o > ¢*, and denote the
solution of (2.1) with wy = 0*¢ by (w*, h*). By the comparison results we know that

h*(1) < h(1), w*(1,r) < w(l,r) on [0,R"(1)].
Hence we can find € > 0 small such that for any given e € S¥~! and any € € [0, ¢y] we have

Bh*(l) (66) C Bh(l)(o)

and

w*(1, |z —ee]) <w(l,|z]) for x € By-(1)(ce).
Now define

we(t,x) = w*(t+ 1,z — ee|), he(t) =h"(t+1).
Clearly (we, By, 1)(€e)) is a solution of (1.1) with initial function wo(x) = w*(1, |z — ee|).
By the comparison principle for the solutions of (1.1) (see [7, 13]) we have, for all ¢ > 0 and
e € (0, 0],

By, )(€e) C Br41)(0), we(t,z) <w(t+1,|z|) in By 4)(ee).

If w(w) # {1}, then by Theorem 9 necessarily w(t,z) — Vp(|x|) as ¢ — oo, and by letting
t — oo in the above inequality we obtain

Vo(lz — ee|) < Vo(|z|)  for all z € RV,



SPREADING AND VANISHING FOR NONLINEAR STEFAN PROBLEMS 315

Taking = = ee we obtain V5(0) < Vj(¢), a contradiction to the fact that V/(r) < 0 for r > 0.
Thus we must have w(w) = {1}. This proves that spreading happens for o > o*. O

3. THE GENERAL CASE

In this section we prove Theorems 1 and 2 for the general problem (1.1).

3.1. Proof of Theorem 1. We first prove that ., = RY implies spreading, i.e., lim;_, o
u(t,x) = 1 locally uniformly in x € RY.

In fact, when Q.. = RY, by Theorem B (i), there exists T' > 0 such that Q(T) D Bg,(0),
where Ry = ,/% and A; > 0 is the first eigenvalue of (2.25). So there exists Ry > Ry

such that Q(T") D Bg, (0). We can then select a radially symmetric function ¢ (r) such that
(3.1) oo € A (R1), 0<¢o(|z]) <u(T,z) for x € Br,(0).

Then Theorem 8 and the comparison principle imply that, as ¢t — oo,

(3.2) u(t +T,z) > w(t, |z|;¢o) — 1 locally uniformly in |z| € [0, 00).

On the other hand, lim;_, o max,cq) u(t, z) < 1 follows easily from the assumption (far).
Therefore, lim;_, o, u(t, ) = 1 locally uniformly in € RY. So we have proved that spreading
happens when Q, = RY.
Denote
Y:i={c>0: tlg(r)lo g (t,-) = 1 locally uniformly in RV}

and define
o =infXifX#£0, " =c0if ¥ =1.
Clearly there are only three possible cases:
(i) o™ = 0; (ii) o* € (0, 00); (iii) o = oo.

In cases (i), by the comparison principle we have 3 = (0, 00) and nothing further is left to
prove. In case (iii), by Theorem B and what we have proved above, o, must be a bounded
set and so vanishing happens for every o > 0.

It remains to consider case (ii). By the comparison principle we easily see that ¥ D
(0*,00). We now show that o* ¢ ¥. If 0* € ¥ then as above we can find ¢o(r) satisfying
(3.1) with u = uy~. By continuous dependence on initial data, for sufficiently small € > 0,
(3.1) also holds for u = u,+—_.. Hence (3.2) holds for u = u,«_ and so spreading happens
for ug+_e, contradicting the definition of ¢*. Thus ¥ = (¢*,00), and for o < ¢*, 4, must
be a bounded set, and so vanishing happens.

Finally we prove the estimate for M (¢) when spreading happens. Let ¢ and w(t,r; ¢o)
satisfy (3.1) and (3.2). Clearly

M(t+T) > h(t; o) for t > 0.

Fix Ry > R; such that Q(T) C Bg,(0), and then choose a radially symmetric function
#°(r) such that

' € H (Ry), ¢°(|z|) > uw(T,z) for z € Q(T).
Then the comparison principle implies that

w(t, |z];¢°) > u(t + T,x) fort >0, x € Q(t).
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It follows that
M(t+T) < h(t;¢°) for t > 0.

By Theorem 7 and Theorem F, we have
h(t; %) — [t — (N — 1) logt] — h° € R! as t — oo,

h(t; do) — [¢"t — e (N — 1) logt] = ho € RY as t — oo.
It thus follows from h(t;¢g) < M(t + T) < h(t; ¢°) that
M(t) =c*t — cx (N — 1) logt + O(1) as t — 0.
The proof of Theorem 1.1 is now complete. O

Remark 3. (i) The above proof shows that o* = 0 if there exists o € RY such that

Q() D ERO(IL'()), R() = f,)\i(lo)
(ii) The case o0* = oo is also possible. This happens, for example, when €2y is contained
in a small ball and f(u) converges to —oo sufficiently fast as u — oo. In [9] we proved that,

when

(3.3) fminf —L 5 o,

U—00 u8

there exists h* > 0 such that, for any initial function ug with support in [—h*,h*], the
solution u of (1.1) (with N = 1) vanishes. By Lemma 3, we can use such a solution for the
one dimensional problem to construct an upper solution for the problem (1.1). Therefore,
when Qo C Bp«(0) and f(u) satisfies (3.3), any solution u, of (1.1) with initial function
o € I(Qp) vanishes no matter how large o is.

3.2. Proof of Theorem 2. By Proposition 1 and by the comparison principle, it is easily
seen that

Yo = {O’ >0: tlgglo ||’u,g(t, ')”LOO(Q(t)) = O}

is a non-empty open interval of the form (0,0,). In case ¥y = (0, 00), there is nothing left
to prove. So, in what follows, we suppose Yo = (0, 0.) with o, < co.
Define

loc

Shi={o >0 lim ue(t,) = 1in L, (RY)}.

By Proposition 2 and by the comparison principle, one sees that the set ¥; is an open
interval of the form (¢*,00) if it is not empty. Set

¥ = (0,00)\ (2o U X1).
To complete the proof of Theorem 2 we only need to show that
ox = 0" (and so X* = {o*})
and
w(ug+) C {Vo(xo +-) : 2o € ()}

We prove these conclusions by several lemmas.
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Lemma 13. Suppose that u is a solution of (1.1) with Qs = RN, and there exist a constant
¢ >0 and a sequence {(tn,xn)} satisfying

w(ty, zy) > ¢, lim |x,| = oco.
n—oo
Then for any given Ry, R > 0, there exist n and some y, € RY, such that
u(tn,z) > ¢ for x € Br(yn), Br(yn) N Br,(0) = 0.

Proof. Since |x,| — oo as n — oo, necessarily t, — oo as n — co. By Theorem B, for all
large n, T'(t,,) is a C*** closed hypersurface in RY, and

['(t,) C BM(t,,L)(O) \ BM(tn)77Td0 (0).
Let ro > 0 be chosen such that By := B, (0) D Qq. For any z € RY \ By, denote
SO:={veSN v . (2 —2) <0Vz € By}

Then

(3.4) {vesVliv.(z—2)<0Vzew(Q)} DSY,
and it follows from Lemma D and (3.4) that

(3.5) dyu(t,r) <0 for x € Q(t)\ By and v € SY.

It is easily seen that the cone
K, ={ycRV:y—az=sv,vec 8% s>0}

is circular, with vertex at z, and axis passing through 0 and x. Let us denote its openning
angle by 0,.. Clearly 6, depends only on |z|, and is a strictly increasing function of |x|, with

lim 6,=0, lim 6, =m.
|z]—=7ro |z|— 00

For any given R > 0, r > 79 + R and z € RY with |z| > r + R, we consider another
circular cone

K7 :={yeRY:y—x=s(z—1), € Bg(raz/|z|),s > 0}.
This cone has vertex at x, axis passing through 0 and z, and contains the ball Br(rz/|z]).

If we denote its opening angle by 6%, then it depends only on |x| —r, is a strictly decreasing
function of |z| — r, and

0 = 0as |z| —r — o0, 8 = mas |z|] —r — R.
We now consider the set
K?:={z e K®:|z| > r}UBg(rz/|z|).
By the regularity of I'(¢,,) for large n, and the above properties of 67, it is easily seen that
K% C Q(t,) for all large n.
Moreover, in view of the properties of 6,, a simple geometrical consideration shows that,

if 7 is chosen large enough, then for all large |z| and y € K?, we have \§:5| € Sy, and

K? N Bg,(0) = 0. Hence, by (3.5), for such 7 and all large n, u(t,,-) is decreasing from
y € K¥* to z,, along the line segment yz,,. We thus obtain

w(tn,y) > u(ty,x,) > clory € K’f
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In particular, u(t,,z) > ¢ for © € Br(yn), Yn = 72n/|Tn|, and Br(y,) N Bg,(0) = 0. O

Lemma 14. Assume o € X* and that u,(t, ) is extended to [0, 00) xRN by letting u, (¢, z) =
0 for z € RN\ Q(t),t > 0. Then there exists some large Ro > 0 such that us(t,z) <
Vo(|z| — Ro) fort > 0 and |z| > Ry, where Vi(s) is the unique solution of the problem

V' 4 f(v) =0 inRY, v (0) =0, v(doo)=0.

Proof. Tt is well known that Vo (0) = 0 € (0,1). Fix 6 € (6, V,(0)). First we prove that, for
any given large Ry,

(3.6) Uy (t,z) <0 forall t > 0 and |z| > Ro.

Otherwise, for any positive integer n, there exists ¢, > 0 and z, € Q(¢,) such that

Uy (tn, ) > 0 and |z, > n. By Lemma 13, for any R > 0, we can find some large n and a
ball Bg(y,) such that

(3.7) Ug (tn, ) > 6 for = € Br(yn).
We show below that this would imply spreading happens for u,, contradicting our assump-
tion that o € X*.

We start with an argument similar to the proof of [3, Lemma 3.2] (see also [15]). Let n(t)
be the solution of

/
n' = f(n), n(0) =
Clearly n(t) is an increasing function with n(oo) =
Let w(t, ) be the unique solution to
—Aw = f(w) for xz € Br(0), t >0,
w=0 for € 0Bg(0), t > 0,
w(0,z) =46 for z € Bg(0).
By the comparison principle clearly w(t,z) < n(t) for t > 0,2 € Bg(0).
Denote

1.

p(z) = (1+2[)7", C(t,2) = p(x)[w(t, z) — n(t)].

A simple calculation gives

4z 2N
—-A(———"V —s +
with 0(t, z) lying between w(t, z) and n(t), and hence t9(t7 x) € [0,1). Tt follows that
2N
<M :=2N "(u) for t B .
T b)) < + max f'(u) for £ >0, & € B(0)
This implies that, for any 7" > 0, the constant function v := —n(T)/(1 + R?) is a lower

solution of the equation satisfied by e~ (¢, ) over [0, 7] x Bg(0). It follows that
C(t,z) > —eMin(T)/(1 + R?) for t € [0,T], = € Br(0).
In particular
T, x) > —eMTy(T) /(1 + R?) for = € Bg(0),
which gives
(1+ [z?)eMT

w(T,xz) >n(T) |1— T

for € Br(0).
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For 5 € (V5(0),1), let vg and Rg be given by Lemma 11. Then we can find T > 0 large
such that n(T) > 8. From the above estimate for w(7T,x), we can subsequently find R > 0
large so that

w(T,z) > fg for x € Br,(0).

For R > 0 chosen this way, we now have a ball Br(y,) and ¢, > 0 such that (3.7) holds.

The comparison principle then yields
U (tn +t,2) > w(t,z — yp) for x € Br(yn).

It follows that

U (tn +T,2) > B> vg(|z — ynl|) for © € Br,(yn).
Then by the spreading condition in Proposition 2 and by the comparison principle we see
that spreading happens for u,, contradicting the assumption that o € £*. This proves (3.6).

Next, we define vy (z) := Vo(|z| — Ro) for # € RN \ Bg,. Then, it is easily seen that
—Av; > f(vy) for x € RV \ Bg, (0).

We may now use (3.6) and a simple comparison argument to show that

uo(tv‘r) < Ul(x) = ‘70(|I| - RO) for ¢ > Ov |$| > Ry.
This proves the lemma. O

Lemma 15. Assume o € ¥*. Then w(o¢) is non-empty, and for each U € w(o),

sup U(z) = sup U(x) € [0,1].
z€co(Qo) zERN

Proof. By Lemma D, for every t > 0,

sup  u,(t,x) = sup u,(t,x).
z€co(Qo) z€RN

By Proposition 1 and by the comparison principle we see that vanishing happens if
SUP,crn Uq(t, ) < 6 for some t > 0. Since o € ¥*, we must have

sup Uy (t,x) = sup u,(t,x) > 6 for every t > 0.
z€co(Qo) Tz€RN

It follows that

sup U(z) = sup U(z) > 0.
z€co(Qo) Tz€RN

Since lim sup,_, ., Uy (¢, 7) < 1 always holds, we must also have U < 1. O

Lemma 16. Assume 0 € X* and U € w(o¢). Then U(x) = V(|z — xz0|) for some xq €
co(Q).

Proof. For all large t > 0, say t > T, such that I'(t) is a smooth closed hypersurface in RY,
define the energy of u, (¢, z) by

Elug](t) = /Q ) [%wuoﬁ‘ ~ Fluy)|da

where F(u) = fou f(s)ds. A direct calculation gives

4 Blug)(t) = —/ (up)2d — ﬁ/ IV, [2dS < 0.
dt () 2 Jrw
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By Lemma 14, for all large |z, say |z| > Ry, u,(t,z) < 6. Hence F(uy(t,x)) <0 for x > R;.
It follows that Efu,](t) is bounded from below.

So, by a simple variant of the standard argument involving a Lyapunov functional (see,
e.g. [16, Theorem 4.3.4]) we see that each element U € w(o@) is a stationary solution, that
is, AU + f(U) = 0 for z € RY. By Lemma 15 we see that supU > 0. By Lemma 14 we
deduce U(x) — 0 as |z| — oo. By the moving plane method, one further concludes that U is
radially symmestric about some xy € RY, and is strictly decreasing in the radial directions
away from z¢. We may now apply Lemma 9 to conclude that U(z) = V(|]z—xg|). By Lemma
15, the maximum of U(z) is achieved at some point in ¢6(£2y). Hence z¢ € €06(£). ]

Lemma 17. ¥* consists of exactly one element, that is, o, = o*.

Proof. We argue by contradiction. Assume 01,00 € X* and 017 < o03. Then there exist
a time sequence {t¢,} tending to infinity such that u,,(t,,x) — Vo(lz — Z4|) (i = 1,2) as
n — oo in the topology of CZ (RY), where Z1,Z2 € ©0().

By comparison we have

Ug, (T, 1) < ug, (T, x) for z € Q1 (T) C Qa(T),

where Q;(t) (i = 1,2) denote the supporting domain of u,,(¢,-), and T' > 0 is chosen large
enough such that 9€;(T) (i = 1,2) are closed smooth hypersurfaces in RY. Hence there
exists €9 > 0 such that

Ug, (T, 2) < g, (T,x +ce) forall z € Q(T), ec SN, e €(0,¢).

By the comparison principle again we have
Uy, (1, T) < Ug,(t,x +ce) forallt>T, € (t), ec SN € (0,2).
Taking t = t¢,, and letting n — oo we thus deduce
Vo(lz — Z1]) < Vo(lz +ee — To|) forallz € RN, e € SN 2 € (0,¢0).
In particular,
Vo(0) < Vo(lee 4+ Ty — T3|) for all e e SN7L e € (0,e0).

This contradicts the fact that V5(0) > Vy(r) for r > 0.
This completes the proof of the lemma and hence the proof of Theorem 1.2. O
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