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A BOUNDARY VALUE PROBLEM FOR A NONLINEAR ELLIPTIC
SYSTEM RELEVANT IN GENERAL RELATIVITY

GIOVANNI CIMATTI

ABSTRACT. A theorem of existence and non-existence of solutions for a boundary value
problem for the equations of axially symmetric gravitational field in vacuum is given using
the inverse function theorem in Banach spaces and the method of functional solutions.
Conditions are given under which solutions exist or not exist.

1. INTRODUCTION
The Weyl’s metric
(1.1) ds? = —e®dt? + 2" dp® 4 2772V d22 + pPem W dyp?

is one of the best studied in general relativity [9], [1]. The space-time is referred to the Weyl-
Lewis-Papapetrou canonical coordinates [5], [6], [7] and [8] (¢, p, 2, ), hereafter indexed as
(0,1,2,3). The potentials 1) and  are assumed to depend only on p and z. Thus (1.1) is
compatible only with axially symmetric geometries. In this paper we study the so-called
electrovac case. Therefore in the Einstein’s equations, corresponding to (1.1),

1 k
(1.2) R — §gikR = 8nTy, where — =1 (k gravitational constant)
c

the stress-energy tensor T;; derives from the antisymmetric electro-magnetic tensor Fjg
which is taken of the special form

0 —6, —¢. 0

¢, 0 0 0
(1.3) Y0 o ol

0 0 0 0

where ¢(p, z) is the electrostatic potential. In (1.2) R;j is the Ricci tensor, R its trace. Since
[4]

1 1
(1.4) Ty, = E(FZ- Fl — 5gikaFm)
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and F** = e=27F};, we have, recalling (1.3)

1 _
Too = ge% (@2 + ¢2), Tor = Toz = Tos =0

1 _ 1
Tip =0, Ti = g—e (¢, = ¢2), Tho = = —¢ ' p0, T3 =0

1 1 _
To9 =0, To; = 1€ e, Toy = 3 € v (¢/2) —¢2), To3 =0

T30 =0, T51 =0, T3 =0, T35 =0.
Since T = g**T};, the Einstein equation (1.2) reduces to

Rik == 8’/TT1']€.
For the components of the Ricci tensor we have, in the case of the Weyl’s metric,

Roo = A(¥)e* ™7, Ry1 =0, Ry =0, Ro3 =0
1 , 1
Rip=0, Ri1=AW) —vpp — V2= + ;”Yp —2¢,, Rio = =291, + ;727 Ri3=0

1 1
Roo =0, Ro1 = 2,1, + ;%, Rog = A(Y) = Vpp — Vaz — ;’Yp — 242, Ro3 =0

R3o =0, R31 =0, Rss =0, Ry3 = p”A(Y) +e 27,
where

A(d}) = 7vszp + %wp + 'l/)zz~

The operator A is singular for p = 0, i.e. on the z axis, and expressed in Cartesian coordi-
nates reads

1
A('(/)) = W(l‘%m + 2962/%;, + yzwyy + 2ty + y¢y)+¢zz~

A has the immediately seen, but important, property of being “a piece” of the Laplace
operator. For, we have

(1.5) A= A) + %%.

From the Einstein’s equation R33 = 87133 or Ry = 8n1Tho we obtain the equation

(1.6) A(p) = e (¢ + 2).

and from Rq1 = 877111

(1.7) A@W) = Ypp — Yor + %vp —2¢7 = e V(92 — ¢3).
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By difference (1.6) and (1.7) give

Vo = plWh — 92 — e (97 — ¢2)].

Finally, from Ri5 = 87112 we have

Yz = p(2¢pwz - 2672w¢p¢z>-
All the others Einstein’s equations are automatically satisfied. The Maxwell’s equations, in
the present electrovac case, reduce to the vector equation

By
(1.8) (V=gF™) =0,
where g = det (gm) By direct computation we find that the only non-vanishing component

in (1.8) is

(pe™278,) 7+ (pe™*62) = 0
which, if p > 0, can be equivalently written as

A(p) = 2(Bptp + P=12).
In the end, we have for the determination of 1, ¢ and v the system of partial differential
equations

(1.9) A(Y) = eV (42 + 62)
(1.10) A() = 2(Pptp + ¢:92)
(1.11) Yo = plU) — 2 — e (92 — ¢7)]
(1.12) V= = p(20pthz — 267V ,0.).

If ¢ and v are obtained from the first two equations (1.9), (1.10) v can be computed from
the remaining equations (1.11), (1.12) by simple integration, since we have

(1.13) (5 = w2 — e gp 4+ e7202)] = [p(26,02 — 2¢7 " $p02)] -

Thus «y is determined apart for an arbitrary constant (which can be determined if -y is known
in one point). In this paper we study the system

(1.14) A@p) = e (g +¢2)

(1'15) A(¢) = 2(¢p'¢’p + ¢z¢z)

in an axially symmetric domain © of R® with suitable prescribed boundary conditions.
Usually it is assumed that € is unbounded and that at infinity the metric of the flat space,
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i.e ds? = —dt? 4+ dp? + dz? + p?dyp? holds. In the last Section we show that this formulation
leads in certain cases to a not well-posed boundary value problem. Therefore, we prefer to
state the boundary value problem in a bounded subset of R3. In part of the boundary of
we could assume the conditions which correspond to the flat space solution. In a different
part of the boundary we prescribe the values of the potentials which are determined by
external masses and electric charges.

In Section 2 we prove, using the implicit function theorem in Banach spaces, that for
arbitrary sufficiently small axially symmetric boundary data the corresponding boundary
value problem has one and only one axially symmetric solution. Section 3 gives a theorem
of existence and uniqueness for large, but special data. Section 4 deals with the class of
functional solutions.

2. EXISTENCE AND UNIQUENESS OF ”"SMALL” SOLUTIONS

Even if the basic equations (1.14) (1.15) have been derived on the assumption that the
potentials ¥ and ¢ do not depend on the axial variable ¢, the problem in itself is three-
dimensional and therefore we state it in a bounded, open and axially symmetric subset 2 of
R? not containing the z axis with a regular boundary I'. We suppose €2 to be homeomorphic
to the region G between two coaxial cylinders of radii R; and Ry with R > R; and of finite
length t 2L. The part of I' corresponding to the bottom and upper part of the boundary
of G shall be denoted I'y and I's respectively. Whereas the parts of I' corresponding to the
internal and external parts of I" are denoted I'y and I's.

1?‘3@

10)

FIGURE 1. The domain G
We assume that inside the cylinder of radius R; a distribution of masses and electric

charges exists which determines the axially symmetric value of ) and ¢ on I';. The space
between the two cylinders is free from masses and charges. Taking Ry much greater of R
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it is not unreasonable to assume on the lateral surface I's of the external cylinder the values
of 1 pertaining to the flat space solution or, more generally, to arbitrary axially symmetric
value of ¢ and ¢ determined by an external distributions of masses and charges. On both
bases I'y and I's we assume the vanishing on the normal derivatives of ¥ and ¢ in accordance
with the expected axial symmetry of the solutions. Therefore, we study the boundary value
problem

(2.1) A(W) = e 2 (¢% +¢2) in Q
(2.2) =11 onTy, 1 =1y on Ty
(2.3) Y1 + avp on T UT,
(2.4) A(d) = 2(dpthp + ¢=¢=) in Q
(2.5) ¢o=0¢1 onl'y, ¥ =¢2 onTy
(2.6) b1 + povy on Ty UT),

where v = (11,19, v3) is the exterior pointing normal unit vector to I's UT4 and 1, 19, ¢4
and ¢, are given axially symmetric C?* functions. We have

Lemma 1. If in the problem (2.1)-(2.6) we take ¢1 = ¢o = 0 ' the solution is unique and

it is given by (¥, @) = (v,0), where v is the unique solution of the problem

(2.7) A() =0 inQ
(2.8) V=11 onTy, =1y onTls
(2.9) Y1 + g on T3 UTy.

Proof. We prove, as a first step, that the solution of problem (2.7)-(2.9) exists and is unique.
Let 1" and 9" be two solutions and define w = ¢’ — v¢”. We have

1 .
(2.10) ;(p’wp)p—i—wzz =0 inQ
(2.11) w=0onT7Uly
(2.12) w1 +wyv on '3 UT Y.

IWe could with minor changes assume ¢1 = ¢2 = constant.
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Multiplying (2.10) by pw and integrating by parts over an arbitrary invariant cross-section
D of Q) we obtain

(2.13) / (w? + w2) pdpdz = 0.
D

Since D is arbitrary, we have w,(p, z,¢) = 0, w.(p,2,) = 0 in Q. Thus w may depend
only on ¢, but this dependence is excluded in view of the axial symmetry of all the data.
Moreover, by (2.11) we have w = 0 in 2. To prove that (2.7)-(2.9) has a solution, we
consider the auxiliary problem involving the ”full” Laplace operator

1 1 .
(2.14) Upp+ Up + Usz + Uy =0 in ©

ou
(215) U:’(/Jl on F17 U:’(/JQ on FQ, E =0on F3UF4.

By standard results on the theory of elliptic equation [2] the solution U exists and is unique.
On the other hand, if we define U®)(p, z,0) = U(p, 2, + k) in view of the uniqueness of
the solution of problem (2.14), (2.15) and of the axial symmetry of all the data we have
U®) =U© = U. Hence U does not depend on ¢ and solves (2.7)-(2.9).

To prove that problem (2.1)-(2.6) has one and only one solution if ¢; = ¢2 = 0, we rewrite
(2.4) in the equivalent form 2

(2.16) (pe*w(bp)p—&—(pe*wqﬁz)zz 0.

We multiply (2.16) by p and integrate by parts over an invariant section D of . Taking
into account the boundary conditions we have

/ pe 2 (¢i + qbg)dpdz =0.

D

Hence ¢,(p, z,¢) =0, ¢.(p,2,¢) =0 in Q. The possible dependence on ¢ is excluded since
¢ =0o0n Ty UT,. Hence ¢ =0 in Q. Thus from (2.1) we have

A(p) =0 in Q
=11 only, =1 only

wpyl + ’(/)Zl/g on F3 @] F4.
Hence, by uniqueness, 1) = 1. (I

In the remaining part of this Section we show that from every solution of the form (i, ¢) =
(1,0) of problem (2.1)-(2.6) originates a branch of solutions of “small” electric potential of
the same problem if the boundary data for ¢ is sufficiently small and the boundary data
for 1 is sufficiently close to that of 1. To this end we use the following form of the implicit
theorem in Banach spaces.

2Note that (2.15) is fully equivalent to (2.4) only if p > 0.
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Theorem 1. Let X and Y be Banach spaces, N a given subset of X, u* e N and F : N = Y
with F € C'. Assume the Frechet’s differential F'(u*) to be invertible. Then there exists a
neighbourhood U of u* in X and a neighbourhood V of v* = F(u*) in X such that F is a
diffeomorphism from U to V.

In order to overcome the difficulties inherent in the singular character of the operator A
we shall consider, as suggested by (1.5), also the ”full” problem

(2.17) Ay =V i Vol = ¢+ 02+ 50l
(2.18) Y=1v1 only, ¢ =1py only
0
(2.19) a%} —0onl3UTy
(2.20) Ap =2V Vi) in Q
(2.21) p=¢1 onl'y, p=¢2 only
0
(2.22) £ =0 on I3 UT,.

We have the following

Lemma 2. If the problem (2.17)-(2.22) has a unique solution (1, ¢) this solution is azially
symmetric and it gives the unique azially symmetric solution of problem (2.1)-(2.6).

Proof. Let (¢(p,z, ), d(p, z,¢)) be the unique solution of problem (2.17)-(2.22). All the
geometric data Q, 'y, I's, T's, [y are axially symmetric and also the boundary data 1,
Yy, ¢1, ¢2 do not depend on ¢ by assumption. Define ¥ (p, z,¢) = 9 (p, 2, + k) and
dF) (p, z,0) = ¢(p, 2,0 + k). In view of the axial symmetry of all the data (1)), p(¥) is
also a solution of problem (2.17)-(2.22) for every k € R!. Therefore (1, ¢) does not depend
on ¢ and is also the unique solution of problem (2.1)-(2.6). O

Theorem 2. Let 1) be the unique solution of the problem

A() =0 in Q2
V=11 onTq, =15 onTls

1/_)p1/1 + 'IZJZVQ on '3 UTy.
There exists a constant § > 0 such that if

||1/11 - &1”02,0((1*1) S 57 ||’(/}2 - 1Z)ZHCQ,a(FQ) S )
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61l gy < 0 I62llgan e, <6

the problem,
A(p) = e (42 + ¢2) in Q
v=11 onTy, Y =1by onTy
bovy + oy on T3 UTy
A() = 2(¢ptp + d:1b:) in Q
d=¢1 onTy, v =q¢s only

Qo1 + @212 on '3 UTYy

has one and only one axially symmetric solution.

Proof. We start by studying the ”full” problem (2.17)-(2.22) which, by Lemma 2.1, has
only the trivial solution (¢,¢) = (¥,0) if ¢p1 = ¢2 = 0. Referring to the notations of
Theorem 2.2 we define X = A x A where A = {n € C**(Q), % =0onT3UTIy} and
y = (B X Cl X CQ)X (B X C1 X Cg) where B = CO’Q(Q), Cl = CQ’Q(Fl), CQ = CQva(Fg) and
u* = (1,0). Let F : X — Y be defined by

F((¥,0) = ((AY — e Y|V, ¥, Yir,), (A¢—2V¢- VY, ¢, ér,)).
The differential of F in (1, 0) is easily computed and it is given by

F'((4,0)[¥, @] = (AT, ¥p,, ¥r,), (A® -2V -V, O, Dpr,)).

To prove that F’, a linear operator from X to ), is invertible, as required by Theorem 2.2,
we simply note that the linear elliptic boundary value problem

v
AU =q inQ, ¥=bonly, V=c only, %:OOHF3UF4
v

0P
£
has, by standard results [2], one and only one solution if ((a,b,¢), (e, f,g)) € Y. Thus the
”full” problem has a unique small solution which, by uniqueness and by the axial symmetry

of all the data, is axially symmetric. By Lemma 2.3 this solution is also the unique axially
symmetric solution of the ”truncated” problem. O

AP —2Vy)- VP =c inQ, &= fonly, =g only, =0onT3UTly

Swpl denotes the restriction of 9 to I'y
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3. EXISTENCE AND UNIQUENESS OF “LARGE” AXIALLY SYMMETRIC SOLUTIONS

The results of the previous Section are purely local in nature. Here we prove a theorem
of existence, uniqueness and of non-existence of axially symmetric solutions, not necessarily
small, but assuming constant boundary data. More precisely we consider the problem

(3.1) A(Y) = e (92 + ¢2) in Q
(3.2) Y =11 onTy, ¢ =1h onTy
(3.3) Yov1 + 1Yo on T3 UTY

(3.4) (pe—“‘%p)er(pe—?%Z)Z: 0 inQ
(3.5) p=¢1 onTy, ) =¢y onTly
(3.6) Gpv1 + ¢ on T3 UTYy,

where ¢1, ¢2, 101 and 15 are given constants. Together with the ”truncated” problem (3.1)-
(3.6) we consider the corresponding ”full” problem i.e

(3.7) V- (e?¥Vg)=0 in Q
(3.8) ¢=¢1 onTy, p=¢s onTly
(3.9) % =0onT3UTy,
(3.10) Ay =e Vg2 nQ *
(3.11) =11 only, =1y onTy
(3.12) % =0on 3 Uy,

It is interesting to note that the equations (3.7) and (3.10) are the Euler’s system of the functional
T = [o(e Y|V + |Vy|?)av.
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again assuming ¢1, ¢o, 11 and 1y as constants.® Since the case ¢; = ¢ is analogous to the
case ¢1 = ¢o = 0 which as been treated in Section 2, we assume

(3.13) 1 <o, @1 < P2

Two ”a priori” estimates for the solutions of problem (3.7)-(3.12) follow from the maximum
principle which gives

(3.14) $r<¢<¢y mQ

(3.15) <y in Q.

We want to show that the solutions of problem (3.7)-(3.12) can be expressed in terms of the
solutions of the problem

87711:0 onI';UTy
v

where ws is a constant suitably chosen. To see heuristically how this reduction of problem
(3.7)-(3.12) to problem (3.16) is possible, let us define

(3.16) Aw=0 inQ, w=0 onIy, w=wsy only,

(3.17) F) = %(ezw )
and
(3.18) R )

If (¢, ¢) is a solution of (3.7)-(3.12), we have, from (3.18)

(3.19) e 2V = e ¥V — V.
Taking into account (3.7) and (3.10) we obtain, from (3.19),

(3.20) V- (e7?V)=0 inQ
and by (3.8), (3.9), (3.11), (3.12) and (3.18)

2 2 o0
(3.21) 9:% on I'y, 9:%—F(¢2) on I'y, Em

The equations (3.8) and (3.21) imply the existence, between 6 and ¢, of a functional relation
of the form

:OODF3UF4.

5There is a curious similarity between problem (3.7)-(3.12) and a problem of electrical heating of con-
ductor. For, if we interpret ¢ as the temperature inside the conductor 2 and o(¢)) = e 2% as temperature
dependent electrical conductivity, the problem of finding the electric potential and the temperature inside the
conductor is modelled by the equations V - (o()V¢) = 0, —At) = o(¢))|V$|?. The crucial difference from
(3.7), (3.10) is in the sign in the second equation. Thus our original problem would be modeled assuming a
density flow of potential of the form q = e~2¥V¢.
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(3.22) 0 =kio+ ks

since # and ¢ satisfy the same equation with different, but constant, boundary conditions.
The constants k; and ks are easily computed from the conditions (3.8) and (3.21). We find

_[P1+ @2 F(1y G1d2 | Flh2)on
(3.23) 9_{ 2 _¢1—¢2}¢_ 2 +¢2—¢1'
If we define
Pt 1 p1—¢ | P12
(3.24) H(@*?*§(¢1+¢2)¢*F(¢2)¢2_¢1 +

we have from (3.23), (3.18) and (3.24)

(3.25) F(y) = H(9).

If (3.25) can be solved with respect to 1 we can write

(3.26) b =F(H(9)).
Hence the equation V - (e72¥ V@) = 0 becomes

AV (e—QFfl(H(d)))V(b): 0

to which we add the boundary conditions

0
¢p=¢1 onl'y, ¢=¢y only, T)qb
1%

Thus we succeeded in reducing the original problem to a form to which the Kirchhoff’s
transformation is applicable. For, if we define

:OOHF3UF4.

o
(3.27) w=L(¢) = / em2F T (H(D) gy
1

we have by (3.27) and (3.26),

(3.28) Vw = e 2F HOIyg = ~20yg
and, by (3.7)
(3.29) Aw = 0.

To this equation we add the boundary conditions

9% ) on Ty UT,,

(3.30) w=0 onTy, w=L(¢s) on Iy, E»
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Thus, if (3.26) and (3.27) are invertible, we obtain as solution of problem (3.7)-(3.12)
(3.31) (¥(x), 6(x)) = (F~(H(¢(x)), L™ (w(x))))-

To validate this procedure we must ascertain under which conditions the inverse functions
involved do really exist. This is done in the following

Theorem 3. Let ¢, 12, ¢1 and o be given constants with g > 11 and ¢o > ¢1. Define

1

(3.32) F(y) = i(ew — 1),
i
(333) ) > (92— 1)’

the problem (3.1)-(3.6) has one and only one solution. If

1
(3.34) F(is) < §(¢2 - ¢1)2
the problem (3.1)-(3.6) has no solution.

Proof. We prove, as a first step, the result for the ”full” problem associated with (3.1)-(3.6),
ie.

(3.35) V- (e7?¥V¢)=0 in Q
(3.36) ¢p=¢1 onl'1, ¢ =¢2 only
(337) % =0on Fg U F4
(3.38) A = e |V¢|? in Q
(3.39) =11 onTy, =13 only
(340) % =0on F3 U F4.
Define

2
(3.41) 0= % — F(y)

and the parabola

¢1— ¢
¢2 — P1

(3.42) H(¢) = %¢2 - %(% + ¢2) ¢ — F (1) + %¢1¢2~
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We have H(¢1) =0, H(¢2) = F(1)2). Since %(@) =0if F(¢o) = %(¢2—¢1)27 we conclude
that, if

(3.43) F(y2) > = (¢2 — </51)2,

we have H(¢) > 0 in (¢1,¢2] and 0 < H(¢) < F(¢)2) in [¢1, o). Therefore, the inverse
function ¢p = F~1(H(¢)), when ¢ € [¢1, 2], is well-defined and we have the functional
relation

N | =

(3.44) F(y) = H(9).
Let us consider the mixed problem for the laplacian
ow

(3.45) Aw=0, w=0 onTy, w=L(¢2) on Ty, 5 =0onT3UTy,
where

4 -1
(3.46) L(6) = / 2PN H®) gy

1

By the maximum principle applied to (3.45) we have

(3.47) 0 <w(x) < L(¢2) inf

Therefore, w = L(¢) defines a one-to-one mapping from [¢1, p2] onto [0, L(¢2]. By (3.47)
the functions

(3.48) ¢(x) = LM (w(x)), v(x)=F"'(H(¢(x)))
are well-defined. We prove that they give a solution to problem (3.35)-(3.40). Since Vw =
e~ 2¥V¢, by (3.45) we have

(3.49) V- (e7?¥V¢)=0.

Moreover, ¢(x) satisfies the required boundary conditions. For,

p=L"10)=¢1 onTy, ¢=L "(L(ps) = ¢ on Ty, %:mnrgum.

By (3.44) and (3.42), recalling (3.41), we obtain the following functional relation between ¢
and 6

_[$1td2  F( F(y2)g1  ¢162
B B v vl L vl o
Hence
F
(3.50) Vo = [‘f’l;@ - (_w;}w.
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Multiplying (3.50) by e~2% and recalling (3.49) we obtain

(3.51) V- (e7?*Vo)=0.
On the other hand, from (3.41) we have, after multiplication by e~2¥

(3.52) e V0 = e W pVep — Vi
and, by (3.51) and (3.49), finally we get

(3.53) Atp = e 2|Ve|* in Q.

Moreover, 1) satisfies the correct boundary conditions, in fact
Y =F"'(H(¢1)) = F7'(0) =¢1 onT)

¢ =F ' (H(¢2)) = F'(F(¢p2)) =2 on Ty

0

% _oon T3 UT,.

ov
We conclude that (3.48) gives a solution to the "full” problem. We claim that this solution
is in fact the only solution. By contradiction, let (¢, ¢’) be a second solution. Proceeding

exactly as before, we find between 1)’ and ¢’ the functional relation

F() = H(¢).
Thus, if w(x) is the (unique) solution of problem (3.45) we have

¢'(x) = L7 (w(x)) = ¢(x)
and
V(%) = FTHH(¢ (%)) = FTHH(L™H (w(x)))) = d(x).

Thus the solution of the ”full” problem exists and is unique and in view of the axial symmetry
of all data it is axially symmetric. Hence by Lemma 2.3 it is also the unique axially symmetric
solution of the truncated problem.

We prove now that if (3.34) holds the ”full” problem has no solution. Suppose the contrary
and let (¢, @) be a solution. We have again the functional relation

F(y) = H(¢),
but this time the point of minimum ¢ of the parabola H(¢) belongs to the interval (¢1, ¢2)
and H(g{)) < 0. Let x; and x2 be arbitrary points of I'y and T's respectively. If x = x(¢) is
a curve connecting x; and xg, the function ¢(x(t)) takes all the value between ¢ and ¢s.

Thus there exists t* such that ¢(X(t*)) = ¢ and
0 < F((x(t")) = H(¢(X(t"))) = H(9) < 0.

A contradiction. Therefore the ”full” problem and, by the usual argument, also the truncated
problem have no solution if (3.34) holds. O
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Remark 1. Theorem 3.1 gives also a further estimate on v¢(x) in addition to (3.15) i.e.

(3.54) Y= inQ,

which does not follow from the maximum principle.

4. THE ORDINARY DIFFERENTIAL EQUATIONS OF THE FUNCTIONAL SOLUTIONS

The functional relation (3.25) can also be seen as the first integral of two ordinary dif-
ferential equations which form the object of the present Section, where the point of view of
the functional solutions is adopted in the sense of the following definition.

Definition 1. We say that (¢(p, 2, ¢), ¢(p, z,¢)) is a functional solution of the system of
partial equations

(4.1) Pop + %w,, +1he = €2 (¢7 + ¢2)

(4'2) ¢pp =+ %(bp + ¢. = 2(¢r1/)p + (bzwz)

if a regular function ¥ = ¥U(¢) exists such that

(4.3) Y(p,2,¢) = V(d(p, z,))

or, as an alternative, if there is a function ¢ = ®(¢) such that

(4.4) B(p, 2,0) = 2(Y(p, 2, 9)).

Since the (4.3) or (4.4) hold up to the boundary, functional solutions are useful to study
the system (4.1), (4.2) only with special boundary conditions. This is what has been done
in the previous Section. On the positive side, we have the fact that the functions ®(¢) or
U(¢) entering in the definition above can be explicitly computed as solutions of two ordinary
differential equations. In fact, we have

Lemma 3. If (v, ¢) is a functional solution of (4.1), (4.2) such that

(4.5) ¢5+ ¢ # 0

the function U(¢) of Definition 4.1 is a solution of the autonomous differential equation
>y dv 2

— +2(=—)"=e?".

d(bQ + (d¢) €

If wg + 2 # 0 the function ® (1) is a solution of the Riccati equation

(4.6)

R _w(d@):s de
dyp
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Proof. We consider the first case. We have ¢, = W' (¢)¢,, 1. = V' (§)¢z, ¥, = V' (¢)9% +
V(D) ppy Y2z = V' (P)p% + V' ($)h.-. Substituting in (4.1) we have

1
\I/”(¢/2) + ¢z)+‘p/(¢pp + ;(bp + ¢22): e (¢% + ¢§)

Using (4.2) and recalling (4.5) we obtain (4.6). The Riccati equation for the determination
of ®(v) is obtained in a similar manner. O

The equations (4.6) and (4.7) have the same first integral, see [3]
(4.8) e* = ¢* —20¢ + B.

If we solve (4.8) with respect to ¢ we find the solutions of (4.6) and if we solve (4.8) with
respect to ¢ we find the solutions of (4.7).

5. REMARK ON THE EXTERIOR BOUNDARY VALUE PROBLEM

At first sight it may appear more natural to state the problem (2.1)-(2.6) not in a bounded
domain, but as an exterior Dirichlet’s problem, prescribing at infinity the condition on
pertaining to the flat space solution which corresponds to the metric of flat space.This would
imply the boundary condition

lim v = 0 uniformly with respect to z.
p—r00

Similarly one would like to assume on the electric potential

lim ¢ = 0 uniformly with respect to z.
p—00

The corresponding boundary value problem, however, in general has no solutions, at least
in the class of functional solutions as shown in the following example. Let us take

Q={(p,z,0); p>1, |z] <00, 0 < ¢ <27}
and

i =A{(p,z,0); p=1, [z| <00, 0 < <27}
Given the special geometry we search for solutions depending only on p on which we prescribe
the boundary conditions

Y1) =91, ¢(1) =
with ¢; and v given constants, ¢; # 11 and

(5.1) lim ¥(p) =0, lim ¢(p) =0.

p—00 p—00

If we search functional solutions (4.8) becomes, by (5.1),

(5.2) e =% —20¢ + 1.
Moreover, if we assume in (5.2) 9 as a function of ¢ i.e. ¥ = ¥(¢), we have

e

(5:3) 6~ 206 +1
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and from (2.4), since ¢, = V'($)¢,, 1. = V'(¢p)d., we have
d2 d
Po , do b2

dp dp dp
Hence, from (5.3) we arrive to the equation

=20'(¢)(

o do 2(¢ — C)(%2)*
(5:4) R Pl T P

The solution of (5.4) is given by

(5.5) é(p; C, C1, Co) = C — \/C? — 1tanh (C1v/C2? — 11n p+ Co\/C2 — 1).

Now, whatever the choice of the constants C, C7 and Cs, we can never satisfy the second
condition in (5.1). For, if C? — 1 = 0 we have ¢(p) = C which is only compatible with the
trivial solution ¢(p) = 0. If C? — 1 # 0 and C; > 0 we have

hm o(p —\/C? —

However, the equation C' — \/Cf = 0 has no real solutions. If C? —1 # 0 and C; < 0 we

have

hm d(p)=C+VC? —
and again C + +/C? — 1 = 0 has no real solutions.
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