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A BOUNDARY VALUE PROBLEM FOR A NONLINEAR ELLIPTIC

SYSTEM RELEVANT IN GENERAL RELATIVITY

GIOVANNI CIMATTI

Abstract. A theorem of existence and non-existence of solutions for a boundary value
problem for the equations of axially symmetric gravitational field in vacuum is given using

the inverse function theorem in Banach spaces and the method of functional solutions.

Conditions are given under which solutions exist or not exist.

1. Introduction

The Weyl’s metric

(1.1) ds2 = −e2ψdt2 + e2γ−2ψdρ2 + e2γ−2ψdz2 + ρ2e−2ψdϕ2

is one of the best studied in general relativity [9], [1]. The space-time is referred to the Weyl-
Lewis-Papapetrou canonical coordinates [5], [6], [7] and [8] (t, ρ, z, ϕ), hereafter indexed as
(0, 1, 2, 3). The potentials ψ and γ are assumed to depend only on ρ and z. Thus (1.1) is
compatible only with axially symmetric geometries. In this paper we study the so-called
electrovac case. Therefore in the Einstein’s equations, corresponding to (1.1),

(1.2) Rik −
1

2
gikR = 8πTik, where

k

c4
= 1 (k gravitational constant)

the stress-energy tensor Tik derives from the antisymmetric electro-magnetic tensor Fik
which is taken of the special form

(1.3)


0 −φρ −φz 0
φρ 0 0 0
φz 0 0 0
0 0 0 0

 ,

where φ(ρ, z) is the electrostatic potential. In (1.2) Rik is the Ricci tensor, R its trace. Since
[4]

(1.4) Tik =
1

4π

(
FikF

l
k. −

1

2
gikFmσF

mσ
)
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and F ik = e−2γFik, we have, recalling (1.3)

T00 =
1

8π
e2ψ−2γ

(
φ2
ρ + φ2

z), T01 = T02 = T03 = 0

T10 = 0, T11 =
1

8π
e−2ψ

(
φ2
ρ − φ2

z), T12 = − 1

4π
e−2ψφρφz, T13 = 0

T20 = 0, T21 = − 1

4π
e−2ψφρφz, T22 =

1

8π
e−2ψ

(
φ2
ρ − φ2

z), T23 = 0

T30 = 0, T31 = 0, T32 = 0, T33 = 0.

Since T = gikTik the Einstein equation (1.2) reduces to

Rik = 8πTik.

For the components of the Ricci tensor we have, in the case of the Weyl’s metric,

R00 = A(ψ)e4ψ−2γ , R01 = 0, R02 = 0, R03 = 0

R10 = 0, R11 = A(ψ)− γρρ − γzz +
1

ρ
γρ − 2ψ2

ρ, R12 = −2ψρψz +
1

ρ
γz, R13 = 0

R20 = 0, R21 = −2ψρψz +
1

ρ
γz, R22 = A(ψ)− γρρ − γzz −

1

ρ
γρ − 2ψ2

z , R23 = 0

R30 = 0, R31 = 0, R32 = 0, R33 = ρ2A(ψ) + e−2γ ,

where

A(ψ) = ψρρ +
1

ρ
ψρ + ψzz.

The operator A is singular for ρ = 0, i.e. on the z axis, and expressed in Cartesian coordi-
nates reads

A(ψ) =
1

x2 + y2

(
x2ψxx + 2xyψxy + y2ψyy + xψx + yψy

)
+ψzz.

A has the immediately seen, but important, property of being “a piece” of the Laplace
operator. For, we have

(1.5) ∆ψ = A(ψ) +
1

ρ2
ψϕϕ.

From the Einstein’s equation R33 = 8πT33 or R00 = 8πT00 we obtain the equation

(1.6) A(ψ) = e−2ψ
(
φ2
ρ + φ2

z).

and from R11 = 8πT11

(1.7) A(ψ)− γρρ − γzz +
1

ρ
γρ − 2ψ2

ρ = e−2ψ
(
φ2
z − φ2

ρ

)
.
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By difference (1.6) and (1.7) give

γρ = ρ
[
ψ2
ρ − ψ2

z − e−2ψ
(
φ2
ρ − φ2

z

)]
.

Finally, from R12 = 8πT12 we have

γz = ρ
(
2ψρψz − 2e−2ψφρφz

)
.

All the others Einstein’s equations are automatically satisfied. The Maxwell’s equations, in
the present electrovac case, reduce to the vector equation

(1.8)
(√
−gF ik

)
,k

= 0,

where g = det
(
gik
)
. By direct computation we find that the only non-vanishing component

in (1.8) is (
ρe−2ψφρ

)
ρ
+
(
ρe−2ψφz

)
z
= 0

which, if ρ > 0, can be equivalently written as

A(φ) = 2
(
φρψρ + φzψz

)
.

In the end, we have for the determination of ψ, φ and γ the system of partial differential
equations

(1.9) A(ψ) = e−2ψ
(
φ2
ρ + φ2

z)

(1.10) A(φ) = 2
(
φρψρ + φzψz

)
(1.11) γρ = ρ

[
ψ2
ρ − ψ2

z − e−2ψ
(
φ2
ρ − φ2

z

)]
(1.12) γz = ρ

(
2ψρψz − 2e−2ψφρφz

)
.

If φ and ψ are obtained from the first two equations (1.9), (1.10) γ can be computed from
the remaining equations (1.11), (1.12) by simple integration, since we have

(1.13)
[
ρ
(
ψ2
ρ − ψ2

z − e−2ψφ2
ρ + e−2ψφ2

z

)]
z
=
[
ρ
(
2ψρψz − 2e−2ψφρφz

)]
ρ
.

Thus γ is determined apart for an arbitrary constant (which can be determined if γ is known
in one point). In this paper we study the system

(1.14) A(ψ) = e−2ψ
(
φ2
ρ + φ2

z)

(1.15) A(φ) = 2
(
φρψρ + φzψz

)
in an axially symmetric domain Ω of R3 with suitable prescribed boundary conditions.
Usually it is assumed that Ω is unbounded and that at infinity the metric of the flat space,
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i.e ds2 = −dt2 + dρ2 + dz2 + ρ2dϕ2 holds. In the last Section we show that this formulation
leads in certain cases to a not well-posed boundary value problem. Therefore, we prefer to
state the boundary value problem in a bounded subset of R3. In part of the boundary of Ω
we could assume the conditions which correspond to the flat space solution. In a different
part of the boundary we prescribe the values of the potentials which are determined by
external masses and electric charges.

In Section 2 we prove, using the implicit function theorem in Banach spaces, that for
arbitrary sufficiently small axially symmetric boundary data the corresponding boundary
value problem has one and only one axially symmetric solution. Section 3 gives a theorem
of existence and uniqueness for large, but special data. Section 4 deals with the class of
functional solutions.

2. Existence and uniqueness of ”small” solutions

Even if the basic equations (1.14) (1.15) have been derived on the assumption that the
potentials ψ and φ do not depend on the axial variable ϕ, the problem in itself is three-
dimensional and therefore we state it in a bounded, open and axially symmetric subset Ω of
R3 not containing the z axis with a regular boundary Γ. We suppose Ω to be homeomorphic
to the region G between two coaxial cylinders of radii R1 and R2 with R2 > R1 and of finite
length t 2L. The part of Γ corresponding to the bottom and upper part of the boundary
of G shall be denoted Γ4 and Γ3 respectively. Whereas the parts of Γ corresponding to the
internal and external parts of Γ are denoted Γ1 and Γ2.

2Γ

Γ
3

Γ
4

Γ
1

Figure 1. The domain G

We assume that inside the cylinder of radius R1 a distribution of masses and electric
charges exists which determines the axially symmetric value of ψ and φ on Γ1. The space
between the two cylinders is free from masses and charges. Taking R2 much greater of R1
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it is not unreasonable to assume on the lateral surface Γ2 of the external cylinder the values
of ψ pertaining to the flat space solution or, more generally, to arbitrary axially symmetric
value of ψ and φ determined by an external distributions of masses and charges. On both
bases Γ4 and Γ3 we assume the vanishing on the normal derivatives of ψ and φ in accordance
with the expected axial symmetry of the solutions. Therefore, we study the boundary value
problem

(2.1) A(ψ) = e−2ψ
(
φ2
ρ + φ2

z) in Ω

(2.2) ψ = ψ1 on Γ1, ψ = ψ2 on Γ2

(2.3) ψρν1 + ψzν2 on Γ3 ∪ Γ4

(2.4) A(φ) = 2
(
φρψρ + φzψz

)
in Ω

(2.5) φ = φ1 on Γ1, ψ = φ2 on Γ2

(2.6) φρν1 + φzν2 on Γ3 ∪ Γ4,

where ν = (ν1, ν2, ν3) is the exterior pointing normal unit vector to Γ3 ∪ Γ4 and ψ1, ψ2, φ1

and φ2 are given axially symmetric C2,λ functions. We have

Lemma 1. If in the problem (2.1)-(2.6) we take φ1 = φ2 = 0 1 the solution is unique and
it is given by (ψ, φ) = (ψ̄, 0), where ψ̄ is the unique solution of the problem

(2.7) A(ψ̄) = 0 in Ω

(2.8) ψ̄ = ψ1 on Γ1, ψ̄ = ψ2 on Γ2

(2.9) ψ̄ρν1 + ψ̄zν2 on Γ3 ∪ Γ4.

Proof. We prove, as a first step, that the solution of problem (2.7)-(2.9) exists and is unique.
Let ψ̄′ and ψ̄′′ be two solutions and define w = ψ̄′ − ψ̄′′. We have

(2.10)
1

ρ

(
ρwρ

)
ρ
+wzz = 0 in Ω

(2.11) w = 0 on Γ1 ∪ Γ2

(2.12) wρν1 + wzν2 on Γ3 ∪ Γ4.

1We could with minor changes assume φ1 = φ2 = constant.
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Multiplying (2.10) by ρw and integrating by parts over an arbitrary invariant cross-section
D of Ω we obtain

(2.13)

∫
D

(
w2
ρ + w2

z

)
ρdρdz = 0.

Since D is arbitrary, we have wρ(ρ, z, ϕ) = 0, wz(ρ, z, ϕ) = 0 in Ω. Thus w may depend
only on ϕ, but this dependence is excluded in view of the axial symmetry of all the data.
Moreover, by (2.11) we have w = 0 in Ω. To prove that (2.7)-(2.9) has a solution, we
consider the auxiliary problem involving the ”full” Laplace operator

(2.14) Uρρ +
1

ρ
Uρ + Uzz +

1

ρ2
Uϕϕ = 0 in Ω

(2.15) U = ψ1 on Γ1, U = ψ2 on Γ2,
∂U

∂ν
= 0 on Γ3 ∪ Γ4.

By standard results on the theory of elliptic equation [2] the solution U exists and is unique.
On the other hand, if we define U (k)(ρ, z, ϕ) = U(ρ, z, ϕ + k) in view of the uniqueness of
the solution of problem (2.14), (2.15) and of the axial symmetry of all the data we have
U (k) = U (0) = U . Hence U does not depend on ϕ and solves (2.7)-(2.9).

To prove that problem (2.1)-(2.6) has one and only one solution if φ1 = φ2 = 0, we rewrite
(2.4) in the equivalent form 2

(2.16)
(
ρe−2ψφρ

)
ρ
+
(
ρe−2ψφz

)
z
= 0.

We multiply (2.16) by ρ and integrate by parts over an invariant section D of Ω. Taking
into account the boundary conditions we have∫

D

ρe−2ψ
(
φ2
ρ + φ2

z

)
dρdz = 0.

Hence φρ(ρ, z, ϕ) = 0, φz(ρ, z, φ) = 0 in Ω. The possible dependence on φ is excluded since
φ = 0 on Γ1 ∪ Γ2. Hence φ = 0 in Ω. Thus from (2.1) we have

A(ψ) = 0 in Ω

ψ = ψ1 on Γ1, ψ = ψ2 on Γ2

ψρν1 + ψzν2 on Γ3 ∪ Γ4.

Hence, by uniqueness, ψ = ψ̄. �

In the remaining part of this Section we show that from every solution of the form (ψ, φ) =
(ψ̄, 0) of problem (2.1)-(2.6) originates a branch of solutions of ”small” electric potential of
the same problem if the boundary data for φ is sufficiently small and the boundary data
for ψ is sufficiently close to that of ψ̄. To this end we use the following form of the implicit
theorem in Banach spaces.

2Note that (2.15) is fully equivalent to (2.4) only if ρ > 0.
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Theorem 1. Let X and Y be Banach spaces, N a given subset of X , u∗ ∈ N and F : N → Y
with F ∈ C1. Assume the Frechet’s differential F ′(u∗) to be invertible. Then there exists a
neighbourhood U of u∗ in X and a neighbourhood V of v∗ = F (u∗) in X such that F is a
diffeomorphism from U to V.

In order to overcome the difficulties inherent in the singular character of the operator A
we shall consider, as suggested by (1.5), also the ”full” problem

(2.17) ∆ψ = e−2ψ|∇φ|2 in Ω, |∇φ|2 = φ2
ρ + φ2

z +
1

ρ2
φ2
ϕ

(2.18) ψ = ψ1 on Γ1, ψ = ψ2 on Γ2

(2.19)
∂ψ

∂ν
= 0 on Γ3 ∪ Γ4

(2.20) ∆φ = 2∇φ · ∇ψ in Ω

(2.21) φ = φ1 on Γ1, φ = φ2 on Γ2

(2.22)
∂φ

∂ν
= 0 on Γ3 ∪ Γ4.

We have the following

Lemma 2. If the problem (2.17)-(2.22) has a unique solution (ψ, φ) this solution is axially
symmetric and it gives the unique axially symmetric solution of problem (2.1)-(2.6).

Proof. Let (ψ(ρ, z, ϕ), φ(ρ, z, ϕ)) be the unique solution of problem (2.17)-(2.22). All the
geometric data Ω, Γ1, Γ2, Γ3, Γ4 are axially symmetric and also the boundary data ψ1,
ψ2, φ1, φ2 do not depend on ϕ by assumption. Define ψ(k)(ρ, z, ϕ) = ψ(ρ, z, ϕ + k) and
φ(k)(ρ, z, ϕ) = φ(ρ, z, ϕ + k). In view of the axial symmetry of all the data (ψ(k), φ(k)) is
also a solution of problem (2.17)-(2.22) for every k ∈ R1. Therefore (ψ, φ) does not depend
on ϕ and is also the unique solution of problem (2.1)-(2.6). �

Theorem 2. Let ψ̄ be the unique solution of the problem

A(ψ̄) = 0 in Ω

ψ̄ = ψ̄1 on Γ1, ψ̄ = ψ̄2 on Γ2

ψ̄ρν1 + ψ̄zν2 on Γ3 ∪ Γ4.

There exists a constant δ > 0 such that if

‖ψ1 − ψ̄1‖C2,α(Γ1) ≤ δ, ‖ψ2 − ψ̄2‖C2,α(Γ2) ≤ δ
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‖φ1‖C2,α(Γ1) ≤ δ, ‖φ2‖C2,α(Γ2) ≤ δ
the problem

A(ψ) = e−2ψ
(
φ2
ρ + φ2

z) in Ω

ψ = ψ1 on Γ1, ψ = ψ2 on Γ2

ψρν1 + ψzν2 on Γ3 ∪ Γ4

A(φ) = 2
(
φρψρ + φzψz

)
in Ω

φ = φ1 on Γ1, ψ = φ2 on Γ2

φρν1 + φzν2 on Γ3 ∪ Γ4

has one and only one axially symmetric solution.

Proof. We start by studying the ”full” problem (2.17)-(2.22) which, by Lemma 2.1, has
only the trivial solution (ψ, φ) = (ψ̄, 0) if φ1 = φ2 = 0. Referring to the notations of

Theorem 2.2 we define X = A × A where A =
{
η ∈ C2,α(Ω̄), ∂η

∂ν = 0 on Γ3 ∪ Γ4

}
and

Y =
(
B × C1 × C2

)
×
(
B × C1 × C2

)
where B = C0,α(Ω̄), C1 = C2,α(Γ1), C2 = C2,α(Γ2) and

u∗ = (ψ̄, 0). Let F : X → Y be defined by

F ((ψ, φ)) =
((

∆ψ − e−2ψ|∇φ|2, ψ|Γ1
, ψ|Γ2

)
,
(
∆φ− 2∇φ · ∇ψ, φ|Γ1

, φ|Γ2

))
.3

The differential of F in (ψ̄, 0) is easily computed and it is given by

F ′((ψ̄, 0))[Ψ,Φ] =
((

∆Ψ, Ψ|Γ1
, Ψ|Γ2

)
,
(
∆Φ− 2∇ψ̄ · ∇Φ, Φ|Γ1

, Φ|Γ2

))
.

To prove that F ′, a linear operator from X to Y, is invertible, as required by Theorem 2.2,
we simply note that the linear elliptic boundary value problem

∆Ψ = a in Ω, Ψ = b on Γ1, Ψ = c on Γ2,
∂Ψ

∂ν
= 0 on Γ3 ∪ Γ4

∆Φ− 2∇ψ̄ · ∇Φ = e in Ω, Φ = f on Γ1, Φ = g on Γ2,
∂Φ

∂ν
= 0 on Γ3 ∪ Γ4

has, by standard results [2], one and only one solution if ((a, b, c), (e, f, g)) ∈ Y. Thus the
”full” problem has a unique small solution which, by uniqueness and by the axial symmetry
of all the data, is axially symmetric. By Lemma 2.3 this solution is also the unique axially
symmetric solution of the ”truncated” problem. �

3ψΓ1
denotes the restriction of ψ to Γ1
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3. Existence and uniqueness of “large” axially symmetric solutions

The results of the previous Section are purely local in nature. Here we prove a theorem
of existence, uniqueness and of non-existence of axially symmetric solutions, not necessarily
small, but assuming constant boundary data. More precisely we consider the problem

(3.1) A(ψ) = e−2ψ
(
φ2
ρ + φ2

z) in Ω

(3.2) ψ = ψ1 on Γ1, ψ = ψ2 on Γ2

(3.3) ψρν1 + ψzν2 on Γ3 ∪ Γ4

(3.4)
(
ρe−2ψφρ

)
ρ
+
(
ρe−2ψφz

)
z
= 0 in Ω

(3.5) φ = φ1 on Γ1, ψ = φ2 on Γ2

(3.6) φρν1 + φzν2 on Γ3 ∪ Γ4,

where φ1, φ2, ψ1 and ψ2 are given constants. Together with the ”truncated” problem (3.1)-
(3.6) we consider the corresponding ”full” problem i.e

(3.7) ∇ ·
(
e−2ψ∇φ

)
= 0 in Ω

(3.8) φ = φ1 on Γ1, φ = φ2 on Γ2

(3.9)
∂φ

∂ν
= 0 on Γ3 ∪ Γ4

(3.10) ∆ψ = e−2ψ|∇φ|2 in Ω 4

(3.11) ψ = ψ1 on Γ1, ψ = ψ2 on Γ2

(3.12)
∂ψ

∂ν
= 0 on Γ3 ∪ Γ4,

4It is interesting to note that the equations (3.7) and (3.10) are the Euler’s system of the functional
J =

∫
Ω

(
e−2ψ |∇φ|2 + |∇ψ|2

)
dV .
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again assuming φ1, φ2, ψ1 and ψ2 as constants.5 Since the case φ1 = φ2 is analogous to the
case φ1 = φ2 = 0 which as been treated in Section 2, we assume

(3.13) ψ1 < ψ2, φ1 < φ2.

Two ”a priori” estimates for the solutions of problem (3.7)-(3.12) follow from the maximum
principle which gives

(3.14) φ1 ≤ φ ≤ φ2 in Ω

(3.15) ψ ≤ ψ2 in Ω.

We want to show that the solutions of problem (3.7)-(3.12) can be expressed in terms of the
solutions of the problem

(3.16) ∆w = 0 in Ω, w = 0 on Γ1, w = w2 on Γ2,
∂w

∂ν
= 0 on Γ3 ∪ Γ4

where w2 is a constant suitably chosen. To see heuristically how this reduction of problem
(3.7)-(3.12) to problem (3.16) is possible, let us define

(3.17) F (ψ) =
1

2

(
e2ψ − e2ψ1

)
and

(3.18) θ =
φ2

2
− F (ψ).

If (ψ, φ) is a solution of (3.7)-(3.12), we have, from (3.18)

(3.19) e−2ψ∇θ = φe−2ψ∇φ−∇ψ.
Taking into account (3.7) and (3.10) we obtain, from (3.19),

(3.20) ∇ ·
(
e−2ψ∇θ

)
= 0 in Ω

and by (3.8), (3.9), (3.11), (3.12) and (3.18)

(3.21) θ =
φ2

1

2
on Γ1, θ =

φ2
2

2
− F (ψ2) on Γ2,

∂θ

∂ν
= 0 on Γ3 ∪ Γ4.

The equations (3.8) and (3.21) imply the existence, between θ and φ, of a functional relation
of the form

5There is a curious similarity between problem (3.7)-(3.12) and a problem of electrical heating of con-

ductor. For, if we interpret ψ as the temperature inside the conductor Ω and σ(ψ) = e−2ψ as temperature
dependent electrical conductivity, the problem of finding the electric potential and the temperature inside the

conductor is modelled by the equations ∇ · (σ(ψ)∇φ) = 0, −∆ψ = σ(ψ)|∇φ|2. The crucial difference from

(3.7), (3.10) is in the sign in the second equation. Thus our original problem would be modeled assuming a
density flow of potential of the form q = e−2ψ∇φ.
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(3.22) θ = k1φ+ k2

since θ and φ satisfy the same equation with different, but constant, boundary conditions.
The constants k1 and k2 are easily computed from the conditions (3.8) and (3.21). We find

(3.23) θ =
[φ1 + φ2

2
− F (ψ2

φ1 − φ2

]
φ− φ1φ2

2
+
F (ψ2)φ1

φ2 − φ1
.

If we define

(3.24) H(φ) =
φ2

2
− 1

2

(
φ1 + φ2

)
φ− F (ψ2)

φ1 − φ
φ2 − φ1

+
φ1φ2

2

we have from (3.23), (3.18) and (3.24)

(3.25) F (ψ) = H(φ).

If (3.25) can be solved with respect to ψ we can write

(3.26) ψ = F−1(H(φ)).

Hence the equation ∇ · (e−2ψ∇φ) = 0 becomes

∇ ·
(
e−2F−1(H(φ))∇φ

)
= 0

to which we add the boundary conditions

φ = φ1 on Γ1, φ = φ2 on Γ2,
∂φ

∂ν
= 0 on Γ3 ∪ Γ4.

Thus we succeeded in reducing the original problem to a form to which the Kirchhoff’s
transformation is applicable. For, if we define

(3.27) w = L(φ) =

∫ φ

φ1

e−2F−1(H(t))dt

we have by (3.27) and (3.26),

(3.28) ∇w = e−2F−1(H(φ))∇φ = e−2ψ∇φ

and, by (3.7)

(3.29) ∆w = 0.

To this equation we add the boundary conditions

(3.30) w = 0 on Γ1, w = L(φ2) on Γ2,
∂w

∂ν
= 0 on Γ3 ∪ Γ4.
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Thus, if (3.26) and (3.27) are invertible, we obtain as solution of problem (3.7)-(3.12)

(3.31) (ψ(x), φ(x)) = (F−1(H(φ(x)), L−1(w(x)))).

To validate this procedure we must ascertain under which conditions the inverse functions
involved do really exist. This is done in the following

Theorem 3. Let ψ1, ψ2, φ1 and φ2 be given constants with ψ2 > ψ1 and φ2 > φ1. Define

(3.32) F (ψ) =
1

2

(
e2ψ − e2ψ1

)
.

If

(3.33) F (ψ2) ≥ 1

2

(
φ2 − φ1

)2
the problem (3.1)-(3.6) has one and only one solution. If

(3.34) F (ψ2) <
1

2

(
φ2 − φ1

)2
the problem (3.1)-(3.6) has no solution.

Proof. We prove, as a first step, the result for the ”full” problem associated with (3.1)-(3.6),
i.e.

(3.35) ∇ ·
(
e−2ψ∇φ

)
= 0 in Ω

(3.36) φ = φ1 on Γ1, φ = φ2 on Γ2

(3.37)
∂φ

∂ν
= 0 on Γ3 ∪ Γ4

(3.38) ∆ψ = e−2ψ|∇φ|2 in Ω

(3.39) ψ = ψ1 on Γ1, ψ = ψ2 on Γ2

(3.40)
∂φ

∂ν
= 0 on Γ3 ∪ Γ4.

Define

(3.41) θ =
φ2

2
− F (ψ)

and the parabola

(3.42) H(φ) =
1

2
φ2 − 1

2

(
φ1 + φ2

)
φ− F (ψ2)

φ1 − φ
φ2 − φ1

+
1

2
φ1φ2.
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We have H(φ1) = 0, H(φ2) = F (ψ2). Since dH
dφ (φ1) = 0 if F (ψ2) = 1

2

(
φ2−φ1

)2
, we conclude

that, if

(3.43) F (ψ2) ≥ 1

2

(
φ2 − φ1

)2
,

we have H(φ) > 0 in
(
φ1, φ2] and 0 ≤ H(φ) ≤ F (ψ2) in [φ1, φ2]. Therefore, the inverse

function ψ = F−1(H(φ)), when φ ∈ [φ1, φ2], is well-defined and we have the functional
relation

(3.44) F (ψ) = H(φ).

Let us consider the mixed problem for the laplacian

(3.45) ∆w = 0, w = 0 on Γ1, w = L(φ2) on Γ2,
∂w

∂ν
= 0 on Γ3 ∪ Γ4,

where

(3.46) L(φ) =

∫ φ

φ1

e−2F−1(H(t))dt.

By the maximum principle applied to (3.45) we have

(3.47) 0 ≤ w(x) ≤ L(φ2) in Ω.

Therefore, w = L(φ) defines a one-to-one mapping from [φ1, φ2] onto [0, L(φ2]. By (3.47)
the functions

(3.48) φ(x) = L−1(w(x)), ψ(x) = F−1(H(φ(x)))

are well-defined. We prove that they give a solution to problem (3.35)-(3.40). Since ∇w =
e−2ψ∇φ, by (3.45) we have

(3.49) ∇ ·
(
e−2ψ∇φ

)
= 0.

Moreover, φ(x) satisfies the required boundary conditions. For,

φ = L−1(0) = φ1 on Γ1, φ = L−1(L(φ2) = φ2 on Γ2,
∂φ

∂ν
= 0 on Γ3 ∪ Γ4.

By (3.44) and (3.42), recalling (3.41), we obtain the following functional relation between φ
and θ

θ =
[φ1 + φ2

2
− F (ψ2

φ2 − φ1

]
φ+

F (ψ2)φ1

φ2 − φ1
− φ1φ2

2
.

Hence

(3.50) ∇θ =
[φ1 + φ2

2
− F (ψ2

φ2 − φ1

]
∇φ.
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Multiplying (3.50) by e−2ψ and recalling (3.49) we obtain

(3.51) ∇ ·
(
e−2ψ∇θ

)
= 0.

On the other hand, from (3.41) we have, after multiplication by e−2ψ

(3.52) e−2ψ∇θ = e−2ψφ∇φ−∇ψ
and, by (3.51) and (3.49), finally we get

(3.53) ∆ψ = e−2ψ|∇φ|2 in Ω.

Moreover, ψ satisfies the correct boundary conditions, in fact

ψ = F−1(H(φ1)) = F−1(0) = ψ1 on Γ1

ψ = F−1(H(φ2)) = F−1(F (ψ2)) = ψ2 on Γ2

∂ψ

∂ν
= 0 on Γ3 ∪ Γ4.

We conclude that (3.48) gives a solution to the ”full” problem. We claim that this solution
is in fact the only solution. By contradiction, let (ψ′, φ′) be a second solution. Proceeding
exactly as before, we find between ψ′ and φ′ the functional relation

F (ψ′) = H(φ′).

Thus, if w(x) is the (unique) solution of problem (3.45) we have

φ′(x) = L−1(w(x)) = φ(x)

and

ψ′(x) = F−1(H(φ′(x)) = F−1(H(L−1(w(x)))) = ψ(x).

Thus the solution of the ”full” problem exists and is unique and in view of the axial symmetry
of all data it is axially symmetric. Hence by Lemma 2.3 it is also the unique axially symmetric
solution of the truncated problem.

We prove now that if (3.34) holds the ”full” problem has no solution. Suppose the contrary
and let (ψ, φ) be a solution. We have again the functional relation

F (ψ) = H(φ),

but this time the point of minimum φ̃ of the parabola H(φ) belongs to the interval (φ1, φ2)

and H(φ̃) < 0. Let x1 and x2 be arbitrary points of Γ1 and Γ2 respectively. If x = x̃(t) is
a curve connecting x1 and x2, the function φ(x̃(t)) takes all the value between φ1 and φ2.

Thus there exists t∗ such that φ(x̃(t∗)) = φ̃ and

0 ≤ F (ψ(x̃(t∗))) = H(φ(x̃(t∗))) = H(φ̃) < 0.

A contradiction. Therefore the ”full” problem and, by the usual argument, also the truncated
problem have no solution if (3.34) holds. �
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Remark 1. Theorem 3.1 gives also a further estimate on ψ(x) in addition to (3.15) i.e.

(3.54) ψ ≥ ψ1 in Ω,

which does not follow from the maximum principle.

4. the ordinary differential equations of the functional solutions

The functional relation (3.25) can also be seen as the first integral of two ordinary dif-
ferential equations which form the object of the present Section, where the point of view of
the functional solutions is adopted in the sense of the following definition.

Definition 1. We say that (ψ(ρ, z, ϕ), φ(ρ, z, ϕ)) is a functional solution of the system of
partial equations

(4.1) ψρρ +
1

ρ
ψρ + ψzz = e−2ψ

(
φ2
ρ + φ2

z

)
(4.2) φρρ +

1

ρ
φρ + φzz = 2

(
φrψρ + φzψz

)
if a regular function ψ = Ψ(φ) exists such that

(4.3) ψ(ρ, z, φ) = Ψ(φ(ρ, z, ϕ))

or, as an alternative, if there is a function φ = Φ(ψ) such that

(4.4) φ(ρ, z, φ) = Φ(ψ(ρ, z, ϕ)).

Since the (4.3) or (4.4) hold up to the boundary, functional solutions are useful to study
the system (4.1), (4.2) only with special boundary conditions. This is what has been done
in the previous Section. On the positive side, we have the fact that the functions Φ(ψ) or
Ψ(φ) entering in the definition above can be explicitly computed as solutions of two ordinary
differential equations. In fact, we have

Lemma 3. If (ψ, φ) is a functional solution of (4.1), (4.2) such that

(4.5) φ2
ρ + φ2

z 6= 0

the function Ψ(φ) of Definition 4.1 is a solution of the autonomous differential equation

(4.6)
d2Ψ

dφ2
+ 2
(dΨ

dφ

)2
= e−2Ψ.

If ψ2
ρ + ψ2

z 6= 0 the function Φ(ψ) is a solution of the Riccati equation

(4.7)
d2Φ

dψ2
+ e−2ψ

(dΦ

dψ

)3

−2
dΦ

dψ
= 0.
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Proof. We consider the first case. We have ψρ = Ψ′(φ)φρ, ψz = Ψ′(φ)φz, ψρρ = Ψ′′(φ)φ2
ρ +

Ψ′(φ)φρρ, ψzz = Ψ′′(φ)φ2
z + Ψ′(φ)φzz. Substituting in (4.1) we have

Ψ′′
(
φ2
ρ + φ2

z

)
+Ψ′

(
φρρ +

1

ρ
φρ + φzz

)
= e−2ψ

(
φ2
ρ + φ2

z

)
.

Using (4.2) and recalling (4.5) we obtain (4.6). The Riccati equation for the determination
of Φ(ψ) is obtained in a similar manner. �

The equations (4.6) and (4.7) have the same first integral, see [3]

(4.8) e2ψ = φ2 − 2Cφ+B.

If we solve (4.8) with respect to ψ we find the solutions of (4.6) and if we solve (4.8) with
respect to φ we find the solutions of (4.7).

5. Remark on the Exterior Boundary Value Problem

At first sight it may appear more natural to state the problem (2.1)-(2.6) not in a bounded
domain, but as an exterior Dirichlet’s problem, prescribing at infinity the condition on ψ
pertaining to the flat space solution which corresponds to the metric of flat space.This would
imply the boundary condition

lim
ρ→∞

ψ = 0 uniformly with respect to z.

Similarly one would like to assume on the electric potential

lim
ρ→∞

φ = 0 uniformly with respect to z.

The corresponding boundary value problem, however, in general has no solutions, at least
in the class of functional solutions as shown in the following example. Let us take

Ω = {(ρ, z, ϕ); ρ > 1, |z| <∞, 0 < ϕ ≤ 2π}
and

Γ1 = {(ρ, z, ϕ); ρ = 1, |z| <∞, 0 < ϕ ≤ 2π}.
Given the special geometry we search for solutions depending only on ρ on which we prescribe
the boundary conditions

ψ(1) = ψ1, φ(1) = φ1

with φ1 and ψ1 given constants, φ1 6= ψ1 and

(5.1) lim
ρ→∞

ψ(ρ) = 0, lim
ρ→∞

φ(ρ) = 0.

If we search functional solutions (4.8) becomes, by (5.1),

(5.2) e2ψ = φ2 − 2Cφ+ 1.

Moreover, if we assume in (5.2) ψ as a function of φ i.e. ψ = Ψ(φ), we have

(5.3)
dΨ

dφ
=

φ− C
φ2 − 2Cφ+ 1
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and from (2.4), since ψρ = Ψ′(φ)φρ, ψz = Ψ′(φ)φz, we have

ρ
d2φ

dρ2
+
dφ

dρ
= 2Ψ′(φ)

(dφ
dρ

)2
.

Hence, from (5.3) we arrive to the equation

(5.4) ρ
d2φ

dρ2
+
dφ

dρ
=

2(φ− C)
(
dφ
dρ

)2
φ2 − 2Cφ+ 1

.

The solution of (5.4) is given by

(5.5) φ(ρ;C,C1, C2) = C −
√
C2 − 1 tanh

(
C1

√
C2 − 1 ln ρ+ C2

√
C2 − 1

)
.

Now, whatever the choice of the constants C, C1 and C2, we can never satisfy the second
condition in (5.1). For, if C2 − 1 = 0 we have φ(ρ) = C which is only compatible with the
trivial solution φ(ρ) = 0. If C2 − 1 6= 0 and C1 > 0 we have

lim
ρ→∞

φ(ρ) = C −
√
C2 − 1.

However, the equation C −
√
C2 − 1 = 0 has no real solutions. If C2− 1 6= 0 and C1 < 0 we

have

lim
ρ→∞

φ(ρ) = C +
√
C2 − 1

and again C +
√
C2 − 1 = 0 has no real solutions.
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