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HEAT FLOW OF EXTRINSIC BIHARMONIC MAPS FROM A FOUR
DIMENSIONAL MANIFOLD WITH BOUNDARY

TAO HUANG, LEI LIU, YONG LUO, CHANGYOU WANG

ABSTRACT. Let (M, g) be a four dimensional compact Riemannian manifold with bound-
ary and (N, h) be a compact Riemannian manifold without boundary. We show the
existence of a unique, global weak solution of the heat flow of extrinsic biharmonic maps
from M to N under the Dirichlet boundary condition, which is regular with the excep-
tion of at most finitely many time slices. We also discuss the behavior of solution near
the singular times. As an immediate application, we prove the existence of a smooth
extrinsic biharmonic map from M to N under any Dirichlet boundary condition.

1. INTRODUCTION

Let (M, g) be a Riemannian manifold with or without boundary and (N, k) a Riemannian
manifold without boundary and isometrically embedded in RY. For a nonnegative integer
and 1 < p < oo, the Sobolev space WP and Hélder space C'+*(0 < a < 1) are defined by:

WP (M, N) := {u € WhP(M,RY) | u(x) € N for a.e. z € M},
O (M, N) = {u e CL(M,RY) | u(z) € N Vo € M}.

On W?22(M, N), there are two natural second order energy functionals defined by

Falu) = [ 18ufdvy, Ba(w) = [ [ru)fdv,,
M M
where A is the Laplace-Beltrami operator of (M, g),
7(u) = Au+ A(u)(Vu, Vu)

is the tension field of u, and A(-)(-,-) is the second fundamental form of (N, h) in RE.
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A map is called an extrinsic (or intrinsic, resp.) biharmonic map if u is a critical point
of Fy (or Es, resp.). The Euler-Lagrange equation for Fy is (cf. [3, 11, 10, 24, 25, 26])

L
Ay = — Z (A(Vu, (dv; o u)Vu) + V - (Au, (dv; o u)Vu)

(1.1) i=n+1
+ (VAu, (dv; o u)Vu))v; o u

= f(U),

where {v;}L ., is a smooth local orthonormal frame field of the normal space of N. It is
easy to see that

(1.2) ()] < C(VPul|Vul + [V2ul? + [Vul*).

Regularity issues for extrinsic biharmonic maps in dimensions > 4 were first studied by
Chang etc. in [3] and for intrinsic biharmonic maps in dimension 4 by Ku [8] and alternative
proofs by Wang [23] and Strzelecki [22] when the target manifold are the standard spheres S™.
Wang extended the regularity result by [3] on biharmonic maps for general targets manifolds
N in [24, 25], where he used a Coulomb gauge frame and Riesz potentials or Lorentz space
estimates to prove that every weakly biharmonic maps from R* to N is smooth and every
stationary biharmonic map from R (m > 5) to N satisfies dimS < m —4, i.e., the Hausdorff
dimension of singular set is at most m — 4. Wang’s partial regularity result was reproved by
Lamm and Riviére [12] and Struwe [21] extending the lower order gauge theory technique
developed in [16, 17]. See also Scheven [18] for partial regularity result for minimizing
extrinsic biharmonic maps and Breiner and Lamm [2] for recent development and references
therein.

The negative gradient flow for extrinsic biharmonic maps from a closed manifold (compact
without boundary) was first studied by Lamm [10], where he proved the long time existence
of global smooth solution when either the dimension of M is at most 3 or under a small
initial energy condition in dimension 4. In general, a finite time singularity may develop in
dimension 4 [4, 15]. Motivated by the heat flow of harmonic maps from surfaces by Struwe
[20], it is natural to consider whether an extrinsic biharmonic map heat flow in dimension
4 has a global weak solution, which is regular outside at most finite many singularities. In
this direction Gastel [5] and Wang [26] independently established a global weak solution for
extrinsic biharmonic map heat flow in dimension 4, which is singular at most at finite time
slices, but the problem of at most finite many singularities remains open (cf. Remark 1.2 of
[26]).

In this paper we will study the extrinsic biharmonic map heat flow from a 4-dimensional
compact manifold with boundary, i.e., we consider a solution u € C***(M x (0,T), N) of

(1.3) du+ A2u = —f(u)
(1.4) u(-,0) = wuo,
(1.5) uloy = g,
(1.6) Ouloy = h,

where ug € W22(M,N), g € C***(OM, N), and h € C3+*(OM,T,N).
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For xg € M, let BM (z0) denote the closed geodesic ball in M with center zo and radius
R > 0, and set

E(u(t); BY (z0)) = /

B (w0)

1
2

|V2u(t)|?dx + (/ |Vu(t)\4dz) ,
B% (wo)
for 0< R < %inj 1> here inj,, denotes the injectivity radius of M.
The main result of this work is:

Theorem 1. For dimM = 4, given any maps ug € W2(M,N),g € C**(OM,N), and
h € C3T(OM,T,N), there exists a unique global weak solution v € L= (R4, W?2(M,N))
of (1.3)-(1.6), with u; € L*(M x Ry), satisfying:

(1) For any 0 < T < o0,

T
(1.7) 2/0 /M lug|Pdvgdt + Fo(u(T)) < Fa(ug),

and Fy(u(-,t)) is monotonically non-increasing with respect to t > 0.
(2) There exist a positive integer K depending only on ug,g,h, M, N, and 0 < T} < --- <
Tk < oo, which is characterized by the condition

(1.8) lim sup max E(u(t); BN (z)) > ¢;  for all R >0,
ATy, weM

where €1 > 0 is the constant given by Theorem & below, such that u € C;lota’ur% (M x (R4 \
UIIc(:l{Tk})v N) .

(8) For each k € {1,--- K}, there exist sequences t¥ 1 Ty, zF — 2% € M, and rF — 0 such
that
(i) if 2% € M, there ewists a non-constant biharmonic map w* € C= N W?22(R*, N)
such that
(1.9) uf () = u(xl +rkz, th) — % in O} (RY).
dist(zF OM
(ii) if 2% € OM and if lim sup% — 00, then statement (i) holds. If there
i—00 T
dist(zl, OM
exists 0 < a < +oo such that lim sup% = a, then there exists a non-
1—00 I3
constant biharmonic map w* € C®° NW2*2(R%, N), with w = constant, d,w =0 on
OR% | such that
(1.10) ub(z) = w(ah +rFe,t;) = 8 in OF (RE),
where R} = {(z',22,2%,2%) € R* | 2* > —a} and RY = {(z',2%,2%,2%) €

R* | 2t > —a}.
As an application of the heat flow of biharmonic maps, we obtain the following existence

result.

Theorem 2. Let u be the global solution of (1.3)-(1.6) obtained by Theorem 1. Then
there exists t; T oo such that u(-,t;) converges weakly in W22(M) to a biharmonic map
Uso € CHY(M, N) with boundary data uso|onr = g and 0,uso|onr = h.
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The paper is organized as follows. In section 2, we prove a small energy regularity result
for biharmonic maps, a main tool in our a priori estimates, and as a corollary, we obtain
a gap theorem for biharmonic map under the Dirichlet boundary condition. At the end
of this section, we prove several interpolation inequalities which will be used frequently in
the subsequent sections. In section 3, we give a priori estimates for the heat flow and the
uniform local W%? estimates in time under the assumption of small energy on a ball. In
section 4, we prove the main theorems, Theorem 1 and Theorem 2.

Throughout this paper, the letter C' denotes a positive constant that depends only on
M, N, ug, g, whose values may vary from lines to lines. If it depends on some other quantity,
then we will point it out. For example, C(R) is a positive constant depends on R.

Additional Notations. For 2 C R* and 0 < s < t < oo, denote Q! = Q x [s,1],
Mt = M x [s,t], and MT = M x [0,T]. Also denote the standard Sobolev and Hélder spaces
by Wym(MT) and C™rentB(MT).

We denote Br (or Bg(0)) as the standard ball in R* with radius R and center 0. Denote
' = (21, 2%,23) € R3,
Bf = {(x’,x4)\|m'|2 Flzi? < R? 2t > 0}7 0°B} = {(x',x4)||x'|2 2 < R?, 2t = o}
and

V(ML) = {us M x[s,1] > N] sup (I9%ullzqany + [Vl zsun)

+/ (|0pul? + |V*ul?) dvydt < oo}.
M

2. SOME BASIC THEOREMS AND INTERPOLATION INEQUALITIES

In this section we prove several basic theorems, including the small energy regularity
theorem and the gap theorem. At the end of this section, we derive some interpolation
inequalities which will be used later.

Theorem 3. (z1—regularity)
(i) If u € WAP(By), p > 1, is an approximated biharmonic map with bi-tension field To(u) €
LP(By), i.e.

APy = —f(u) + a(u),
where f(u) is defined in (1.1). Then there exists a constant €1 > 0 such that if E(u; By) < €1,
then

= s, oy < €N (19200, + [ Fullsm,) + 7200 o5,

where u = udzx is the mean value of u over the unit ball.

|B1| J,
(i4) If u € WHP(BT), p > 1, is an approvimated biharmonic map with tension field To(u) €
LP(Bf) and the Dirichlet boundary value

ou
u|c’)OBl+ =g and %bOB{r = h,
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where g € C*(3°By),h € C3(0°B;") and 7 is the outward unit normal vector of 9°By .
Then there exists a constant e; > 0 such that if F(u; Bf') < €1, then

[ = tillyyan gy <Cp, N)([IVul| 25+
( 1/2) ( 1)

T IVull s gy + (Wl Lo pr) + 119wz @ops) + HhHWSa(aOBf))

where U := u is the mean value of u over the boundary 0° By .

)
|6OB;F/2| 303?/2

Proof. Here we use the idea of [14] to give the proof of boundary estimate stated in (ii), and
leave the interior estimate in (i) for interested readers since it is similar to (ii) and easier to

obtain.
For convenience, assume u = 0. Since u satisfies the Euler-Lagrange equation:

N2y = V3uVu + V2u#V>u + V2 Vu#EVu + VudtVudEVu#EVu + 7o (u).
Here # denotes some ‘product’ for which we are only interested in the properties such as
|la#b| < Clal[D].

For0<o<1 and o' = 142 let p € C5°(B},) be a cut-off function, satisfying ¢ =1 in B
and |Vig| < Ty 0) for j =1,2,3,4. Direct computations show that

A2 (pu) = AlpAu+ 2VuVe + uly)
= A\?u+ AV AUV @ + 2Aulp + AV2uV2 0 + AVuV Ap + uZp
= (V3u#Vu + V2u#V2u + V2u#EVu#Vu + VudEVuFEVuEVu + mo(u)) e
+ V3u# Vo + V2u# V20 + Vu# V3o + uVip
= (V3 (pu)#Vu + V2 (ou)#V?u + V2u#tVudtV (pu) + VudtVudtVudtV (pu))
+ V3u#V o + V2?0 + Vu#tV3 o + uVie + V2u#Vu# Ve + V2p#Vu#Vu
+ Vu#EVu#EVu#V o + pra(u).

Assume first that 1 < p < %. Observe that

O(pu O
ou = g, %zg@lﬂr?g on 8OB+
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By the standard L? theory (cf. [7]), we have
19 (Wl 5 <

C(\IVUI|L4<B+)IIV3( wll, 2o +||V2UHL2(B+)HV2( u)

» (B]) L3= 2p(B+)
IVl Vel s B+>\|V<sou> by T IV o IV
[v? U’HLP(B:/) ||V2UHLP(B;,) ||quLP(B:,)
l-0 (1-0)? (1-0)3
HUHLP(B:/) ||V2u#Vu||Lp(B:/) ||VU#VU||LP(B:,)
(1-0)* 1-0 (1—0)2

1
+m||Vu#Vu#Vu||Lp(B:/) + llem2 (W)l Lo 1)

¢
"’H‘PQHWALP({)OBD + lloh + %9”{4/&;»(303?))-
By the Sobolev embedding, if €; is chosen to be sufficiently small, then we get
||V4(<PU)HLP(31+) <

1
WHV%HLP(B:,) +
1

1
Jr74”“”LG(153:/) + EHV%L#VUHLP(B:,) +

(1-0)
1
+7”V“#VU#VUHLP(B+ + ||‘PT2(U)||Lp(Bl+)

1
o( v,
_UH ullpo s, +

1 f‘_)gHquLP(B:)

(1

1
=02 IVus#Vull 1o 5+,

+H<P9||W4p(603+ + llehll s @B T H 9||W3 P(6°B+))
Setting
Ui(p) = sup (1—o)[|V7ull 5y,
0<o<1

and noticing that 1 — o =2(1 — 0’), 1 < p < 3, we have

Uy (p)
3
< C(Z U5(p) + IVt oy + VUVl o5y
j=0
+ VUtV udtVull o gy + o2 (W)l o s

Iy
+ OSUP (1-o0)* [||509|‘W4.p(3031+) + ||90h||w3,p(303fr) + ||%9HW347(8031+)]>

<C(Zw )+ 192l 2y + 190l oy + 72 (@] o)

+l9lwar@opr) + ”hHW&P(aOBf))'
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Using the interpolation inequality (see [14])
\I/](p) S 647j\1/4(p) + Ceiquo(p% .7 = 172737 €> 07

we get, by choosing sufficiently small € > 0,
Uy(p) SC(‘I’O(LD) +IV2ull o gy + IVl gy + 12| ogay

Fl9llwaz@omy) + Hh||W3v2(BOBfr)>

SO(”V2U||L2(31+) + ”VUHUI(BD + HTZ(u)”Lp(Bfr)

+ lgllwaz@opt) + HhHW&z(aOBf))’

where we have used the Poincaré inequality in the last step.

If p > %, we start by applying (2.1) with p = 15 so that

Hu”w“%(B;f/s) < C<HV2UHL2(31+) + IVull s g1y + Im2(W)ll Lo 51)

+llgllws2 o0y + HhHW&Z(aOBf))-
This, combined with the Sobolev embedding theorem, implies that
195l 3¢,

e, 192l s

o B;r/s) 5 B;r/s) * ”vu”l‘w(B;rﬂ)

< C(||V2UHL2(BI+) + ||Vu||L4(Bl+) + H7—2(u)||Lp(Bfr) + ||g||w4,2(3031+) + Hh”WS,?(aOBfr))'

With this estimate, we can bound the Lmin{3:7}_norm of the right hand side of the Euler-
Lagrange equation of u. The interior LP-estimate together (2.1) show that u is bounded in
W4 min{g.p} (B;/ 4)- The lemma can be finally proved by applying the standard bootstrap-
ping method. O

As a direct corollary of the above theorem, we can get the following gap theorem.

Theorem 4 (Gap-phenomena). Suppose either u € C(R* N) is a biharmonic map or
u € C™® (Ri, N) is a biharmonic map with the Dirichlet boundary condition:

| = tant 7u| =0
u constant and :
AR 7 1ORY

Then there exists a universal constant eg > 0 such that if either

/ |Au|*dz < €& or / |Au|dx < €2,
R4 R4

+

then u is a constant map.

Proof. For simplicity, we only prove the upper half space case, since the proof of u €
C*(R%, N) is similar. By Poincaré’s inequality and integration by parts, we have that
for any R > 0, it holds

1
—2/ |Vu|? de < C/ |V2u|? do < C/ |V2u|? do = C/ |Au|? dz < Cep.
AR S B = Ry
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Hence, by the standard elliptic estimates and Sobolev’s embedding, we have

212 4712 < 2 a 2 <
/qu; [VZul dx—l—(/B; |Vul* dz) _C[/B+ | Al da:+R2/ |Vul® dz] < Ceg.

2R

Choosing ¢y << €; and applying both Theorem 3 and the Sobolev embeddlng, we have that
for any R > 0, there holds

2
RHVUHLOO(BE) < C(HV UHL2(B;R) + ||Vu||L4(B;-R)) <C
Sending R to infinity yields that u is a constant map. O
In the following we will prove several interpolation type inequalities, which will be used
through the remaining sections.

Lemma 1. For any u € W42(M, N), we have

(2.2) / |V3u|? do < 032/ |VAul? dx + %/ |V2u|? da,
B}]%I B}]\%/I R
3,14 7.\3 4,12 ¢ 2,12
(2.3) (/ |V3u|* dz)? SC’(/ |Vl dx+—4/ |V2ul? dz),
BM BY R* Jpm

1
(2.4) / |V2ul* dz < C/ |V2u)? dx(/ |V4u|? dx + —4/ |V2u|? dz),
By By By R Sy

/ |Vul® dz SC’/ |Vul* dsc[/ |V2u|? dx
Bgf BM Bg[
Vhuf? de + — V2ul*d ! Vul'd
x ( |V3u| :E+R4 | ul® dz) + i |u| z].
BR

Proof. (2.2) is a standard interpolation inequality (Cf. [6], page 173). By the Sobolev
embedding W2 < L* on Bf‘{[ we get

(/BM |V3ul* dx)% < C(/BM |V4u|? da + ﬁ/ |V3ul® dz),

then (2.3) is a consequence of (2.2). By Sobolev embedding le% — L?, we have

(2.5)

C
|9l e < IRy L+ CIVR VRl

B M
M )

c
EI\VQUII%%B%HVQ“II@ iy + CIVullLe a1V ull7a pary

1 2 14 2 2112 3,112

< 2/311;4 [VZul dx+ ||V U||L2 BY) +C[IV u||L2(B%)HV u||L4(B;‘g)
1 1 1

< */ |V2u|* da + C/ |V2ul? dm[(/ |V3ul*dz)2 + —4/ |V2ul? dz]
2 B}]%I B}];f B}]\%/[ B}];{

1
7/ |V2u|4dx+C/ |V2ul? dx(/ |V4u|2dx+—4/ |V2ul® dz),
2.my By By R

which implies (2.4).

IN
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By Sobolev embedding W2 < L we have
1
/ \Vul® do < 07(/ |Vu|4dx)2+C(/ Vul?|V2ul? dz)”
B}\g R B}A%/I B;\g

1
<C |Vu|* daz(/ |V2u|* dz + —/ |Vu|* dz)
By By

B}k{ R4
1
gc/ |Vu|4da:(/ |V2u|2dx(/ |V4u|2daj+—4/ V2ul? de)

BM BM BM R Jpum

1 4

+ﬁ s \Vu\ d:E),
R
which implies (2.5), here in the last inequality we used (2.4). O

3. A PRIORI ESTIMATES

In this section we will show some properties of the flow and some a priori estimates,
including the monotonicity of the energy Fh(u) and small energy regularity theorem of
parabolic case, which will be needed in the next section for the existence result.

From now on, we will use 1 as a smooth cut off function satisfying the following properties:

neC®(M), 0<n<1l,n=1lon Bf\{[(xo), 7n=0on M\B%(xo),
3.) IVl < 5 (G=1,2),
where 2o € M and 0 < R < %ian.

Lemma 2. Let u € V(M7T) be a solution of (1.3)-(1.6). Then for all t € [0,T), we have

(3.2) Fo(u(t)) +2 /

» |6tu|2 dvgdt = F5(uyp),

(3:3) [ 92 o, + ([ 19l du)* < O(Patu) + gl

Moreover, Fy(u(t)) is absolutely continuous in [0,T) and monotonically non-increasing.

Proof. Multiplying the equation (1.3) by d;u and integrating by parts, we have

0= / |0ul® dvgdt + / Audpu dvydt
Mt Mt
t t
= / |0pu? dvgdt + / AudiAu dvgdt + / 0, Audyu — / Aud0,u
Mt Mt o Jom o Jom

1
:/ |8tu|2dvgdt+/ 0 (% Auf?) duydt,
Mt Mt 2

where we used dyulgyr = 0:0,ulonsr = 0. Hence (3.2) follows immediately. Moreover, it is
easy to see Fy(u(t)) is absolutely continuous in [0, 7] and monotonically non-increasing.
For (3.3), we first use the L2-estimate for the Laplace operator A to get

[ IR oy < C(Fau(t) + lalfgaacany) < O(Patuo) + gl )
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Then, by Sobolev’s inequality we have

/ |V<ufg>|2dvg30/ V2 (u — g)dvy,
M M
and hence

/ Vul? dvy < O / 9202 dvg + g1y )

Observe that (3.3) is a consequence of the following Sobolev inequality

/|Vu\ dvg)? <C / |V2u|? dv, + /|Vu| dvg).

This completes the proof. O

With the help of Theorem 3, we have
Lemma 3. There exists e; > 0 such that ifu € V(M?T) is a solution of (1.3)-(1.6) satisfying
E(u(t); B):(x0)) < €1 for some R > 0, then we have

C
(3.4) / |V4Au|? dz + = / |V3ul?dz < C |0yul? dx + i
B} (o) R Iy (wo) B34 (o) R

Proof. Since u satisfies (1.3), we have that
(i) if B (x9) N OM = 0, then by taking 7o(u) = dyu in Theorem 3 (i) and applying a
standard scaling argument, we have

B 'BM
/ ViulPde + 2 / ViuPde < C By + CECU): Bap(o))
B (o) R BM () BM (x) R
C
<C |Oyul*dz + —,
B, (o) R

(i) if B%(z0) MOM # 0, then Theorem 3 (i) implies that

1
/ \V4iul|?dr + — 5 |V3ul?dx

¥ (o)

Bty B o) + ol e )
<C |Oyu|?dx + C 2R W42(0°fM( 0)) W3.2(89 BM, (2))
B (w0) R

c
<C dyul*dz +
BM(m' e+ g

Here 0°B2%(z0) = 0B2%(z0) N OM. Hence the conclusion of the lemma follows. O

From Lemma 2 and Lemma 3, we can easily obtain the following corollary.
Corollary 1. Let u € V(MT) be a solution of (1.3)-(1.6). Assume that there exists R > 0
such that

sup E(u(t);B%%(a:O)) < €.
0<t<T
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Then we have for all t € [0,T)

. t
(35) [, st
(B (z0))! R
t
(3.6) / Viul? < C+ =
(B (z0))" R
Proof. Integrating (3.4) from 0 to ¢ and applying Lemma 2 yields (3.5) and (3.6). O

In the next step we derive an L2-estimate for d;u, which in turn yields an L2-estimate
for V*u, and then we can apply both LP and Schauder estimates to achieve the desired C*
estimates.

Lemma 4. Let u € V(MT) Nyso C*(MZI; N) be a solution of (1.3)-(1.6). Assume that
there exists R > 0 such that
sup E(u(t); BM:(z0)) < €.
0<t<T

Then there exists 0 < § < min{T,CR*} such that for all s,t € (0,T) with s < t and
[t —s| < ¢, we have

C
(3.7) sup / 774\3W(wt')\2d$§0/ n*Opu(-, 8)|* do + —;,
s<t'<tJJ M M R

where n is a cut off function, with support in Bag(xg), defined as in (3.1).

Proof. Differentiating equation (1.3) with respect to ¢, multiplying the resulting equation
with 7*0,u, and integrating over M and applying integration by parts, we get

1
7/ 00| Opul? + / n*| Adyul* + 2/ VitV o,uAdu + Aoy uAdu
2 e Mt Mt Mt

(3.8)

<C LIV Au||Vu||0ul* + |V2ul2|0ul? + |Vul|0pul?)

n
MY
2211 —|— Ig + Ig.

Without loss of generality, we may assume that

sup / 7 Bpu(-, )| = / 7t Opu (-, 1) 2.
M M

s<t'<t

Let’s first estimate I;. With the help of Hélder’s inequality and the Sobolev embedding
Wh2(M) — L*(M), we get

t
L<c / ( / Tul)( / 7Bl / VAul)}
s B%%(wo) M B%{(a:g)

1t 1 1
<ced [ (| atowl + Va0l +n'190uP) [ [ (9P 4 g9

QR(IO)
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Since Qzulgpr = 0, by integration by part we get

/ | Voul* = —/ Adyudyun® + 4V oudu(n®Vn)
M M

1
S/ \A@tuatun4|+§/ 774|V8tu|2—|—0/ 0% Vn|?|0pul?.
M M M
Thus we have
/ n* |V oul? SC/ |A8tu8tw74|+0/ 0%V 2| 0ul?.
M M M

Putting it into the estimate of I;, we have

1t 1 1
n<cel [ ([ 180wt + 0w + [VaProal)([ VP + 90
s M B%% R

1 ¢ 1 1
<ce [ ([ ntnoupyi([ woal)t+ [ atoul+ [ Valiow?)
s M M M M
X (/
Bi%

1 ¢ 1 1
<cet [ 1] atsouPy([ atowtyt+ [ ol
s M M M
1 1 1 1
+ ([ atoui([ Ivlto [ e g [
M M B% Bé\/fR

1.
|V4u)? + ﬁ|v5u|2)%

(3.9) I < ce%(/ n*0pu(-, t)]? +/ | Adyul* + C).
M Mt

Similarly,

t
L= / 7V, < / ( / 7|0l / V2ul)
Mt s JM B3% (zo)
By (2.4), we get

1
( / vt < o / 920[2) ¥ ( / V4l + =)
BM, (x0) BM, (z0) B, (w0) R
1 1
< C’ef(/ VAl + )
B (Xo)

Then, by the same argument as in the estimates of I, we get

(3.10) I, gce%(/ r]4|8tu(-,t)|2—|—/ WA + C).
M Mt
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For I3, we have

t t
I = / / i Oyl |Vl < / ( / 7Ol / Vul®)}.
s Jm s JM Bt (zo0)

By (2.5), we get

J,

Then, by the same arguments as in the estimates of Iy, I, we obtain

(3.11) I3 < C’el%(/ 774|8tu(-,t)|2 —|—/ 174|A8,gu|2 +O).
M Mt

1 1 1 .1
vyt <l vatif v e gt
2R

B (X0) 2R

Combining inequalities (3.8)-(3.11) yields

1
5/ 00| Opul? + / n*| Adpul* + 2 Vi Vo,uAdu + An*dulou
Mt Mt

M M
3 4 2 4 2
(3.12) SCef(/ 0u(-, )| +/ WA + C).
M M
By the Cauchy-Schwartz inequality, we have

1
2|/ Vn4V8tuA8tu|§f/ n4\A8tu|2+64/ 7% Vn|?|Voul?
Mt 4 e Mt

and
An*OpuAOu = / (4n° An + 120%|Vn|*) 0 uAOsu
M} M}
1 4 2 C 2
> _4/M§n |Adyul® — ﬁ/Mt |Oyu
1 4 , C
(3.13) > —4/M§ 0| Adpul? — 2.

Furthermore, by integration by parts and noting that d;u|aar = 0, we have

64/ V2| Voul? = 764/ V(nz\VnF)VﬁtuatufGZl/ 7% V|2 Adudu
M; Mt M

1 C
< / V2V pul? + 1 / Al + < / 1Opul2.
e 8 Jau R S

Therefore we get

1 c
(3.14) 2 Vn*VoulAdwu > —7/ n*AGu* — —.
Mt 2 /e R

13

Combining inequalities (3.12), (3.14) and (3.13) and choosing €; sufficiently small, we can

finally achieve (3.7).

Now we can derive an L? estimate for V4u by the above lemma.

O
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Lemma 5. Let u € V(MT) Nyso C*(MZI; N) be a solution of (1.3)-(1.6). Assume that
there exists R > 0 such that

sup E(u(t);Bﬂi(xo)) < €.

0<t<T
Then there exists 0 < § < min{T, CR*} such that for all t' € [3,T) we have
1
3.15 ()2 < O + 1.
(315) L IR S CG + )

Proof. By Lemma 3, we have, for all ¢’ € [%, T)

C
(3.16) / Vhul?(, ) de < C Ol () + =
BY (x0) BY R

M (o)

Let n be a cut off function as in Lemma 4. Without loss of generality, we assume that

| ot sfan = int ot
M t—5<s'<t'—% J M

Then Lemma 4 implies

C
swp [ wfaut.oP < [ atoat. 9P + 4
M M

t—S<t<t

=C inf / n*0su(-, s")|* + =
$Jm

t'—$<s/<t'—$ R4

t—¢ 11
s / Beuf” + R47 ¢G +R4)

Therefore we have

1
3.17 Oul?(-,t)dx < C(= 4+ —).
( ) /]3M(Io)|tU|( Jdo < (5+R4)
This completes the proof. O

By Lemma 5, we have

Theorem 5. There exists €1 > 0, depending only on M, N, ug, g, such that for 0 <T < oo,
if u is a smooth solution of (1.3)-(1.6) satisfying

(3.18) sup / V2u(-, ) 2d + (/ V(- £ de)? < e
B} (x0) B2, (z0)

0<t<T

for some R < %ian and xg € M, then we have
(3.19) %HSI?;(T ||U||ck(31§(wo)) < C<k7R‘1,T7 V2ol 22 (ar), 91l ox (o). ”h”Ck*l(aM))'
Proof. 1t follows from Lemma 5 that u is uniformly bounded in W4’2(BM(xo)) for L <

t < T. It follows that u, + A%u € LP(B¥ () x [Z,
2
the standard parabolic LP-theory and Schauder estimate, we can get the desired estimate. O

T)) for any 1 < p < oco. Therefore by
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To prove our main theorem, we need to establish a lower bound estimate of the time
interval for the existence of a smooth solution of (1.3)-(1.6). First we have

Lemma 6. Letu € V(MT) be a solution of (1.3)-(1.6). Assume that there exists 0 < R < 1
such that

sup E(u(t);B%(xo)) < €.
0<t<T

Then we have for all t € [0,T)

(3.20) B(ult); BY () < OB(u(0); Bh(wo)) + £t + CX1

R T CR?.

Proof. Multiplying (1.3) by 7%0,u and integrating by parts, we get

1
/ n*0pu)? dadt + f/ 774§|Au|2 dxdt
Mt 2 Mt at

= AuAn*Opu dzdt + 2 AuVn*Vou drdt

Mt "
S AulAn*O,u dzdt — 2 VAUV d,u drdt
MY Mt
1 C o
< */ n4|atu|2dxdt+ 7/ ‘Au‘Q dxdt + —2/ |V3U‘2dmdt
2 e R BM, (x0)" R B3 (s0)
1 C
< */ 774|8tU|2d33dt+7/ \Au‘Qda:dt—FCe/ |V4u|2 dudt
e e B (wo)"
+ % |V2u)? dadt
eR B, (20"
1 4 2 Ct CvVt . i
< §/Mt n*|Opul® dedt + i + 7R by taking € = o
Then we have
0 ot CVi
3.21 48 2d dt / 47A 2d < Ct ovi
320 /M‘n|tU| ‘ +M1n8t‘ ul” dz St e
Thus we obtain
Ct OVt
(3.22) / |Au|?(t) dz g/ | Auf2(0) dz + e %
B (o) B2 (x0) RTR

Observe that

1
8t(§\Vu|2) = (Vu, Vou) = V(Vu, du) — (Au, dyu).
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Multiplying this equality by 7%, integrating it over M, and applying integration by parts
and (1.3), we obtain

1
/ 8t(fn4|Vu|2)dxdt=/ 774V<Vu,8tu)dxdt—/ n*(Au, Oyu)dxdt
Mt 2 Mt Mt

=— Vn4(Vu,8tu>dazdt—/ n*(Au, Opu)dadt

Mt Mt
R? 4 2 ¢ 2 2 c 4 2
< T/Mtn |Opu|“dxdt + ﬁ/Mtn |Vu|*dzdt + ﬁ/Mtn |Au|*dzdt
R? 4 c [t 1 Ct
< — n 8u2dxdt—|——/(/ Vullde)2dt + —
4 e o B2 Jo ") Ban(ao) v R?
R? 40 12 Ct
< — dxdt + —
< Mtn |Opul“dx +R2
R? Ct
< — |Aul?(0)dz + OVt + w5
4 B (o) R
Thus,
9 9 R? 9 Ct
(3.23) |Vul(t)dz < |Vu|*(0)dx + — |Aul?(0)dz + OVt + -5
BY (z0) B (o) 4 B (o) R
Let ¢ € C?T%(M,R") be a harmonic function, satisfying
Ag=0 in M,
q=9g on OM.
Then we have
lgllcz+e oy < C(M)lgllc2re ),
and hence
2 2 4 i
[ Fu-aP@des ([ V- oo}
B (o) B} (zo)
C
<c A= gPOdst 5 [ Vo)
BJ%”R(IO) B%IR(IO)
C ct Cvt C
<C | Aul?(0)dx + -5 |Vul?(0)dx + -1t \2[ + 7/ |Vq|*da
B (a0) B2 S5 (w0) L )
Ct Cvt
<C |Aul?(0)dx + C(/ |Vul*(0)dz)? + -+ ‘2[ + CR?.
B3 (o) B, (x0) L
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This implies

/ V2ul2(t)dz + (/ IVl (t)dz)
BM (x0)

B (x0)

sc</ V2 (u — )P (t)da + / V24(t)de)
B (20) B (o)

+o(( V(- ) (1))t + ( / Vg[tdr)?)

B () BY (z0)

, t i
< 0/ |Aul?(0)dx + C(/ |Vu|*(0)dz)z + % + % + CR?,
BM. (o) B, (20) R R

which implies (3.20). This completes the proof. O

According to Lemma 6, we have

Lemma 7. There exists 0 < €2 < €1 < 8 such that if ug € C°(M,N), g € C®°(OM, N),
and h € C*(0M,TyN) satisfies

(3.24) sup / |V2ug|? dz + (/ |VU0‘4d$)% <e€,
z€M \J B, (z) Bif(w)

for some R € (0,¢e3). Then there exists Ty > O(R*e?) and a unique solution u € C°°(M x
[0,T1],N) to (1.3)-(1.6).

Proof. Let T1; > 0 be the maximum time interval such that there exists a smooth solution
u€ C®(M x[0,T1),N) of (1.3)-(1.6). Let T > 0 be the maximum time such that

(3.25) sup sup E(u(t); BM(z)) < €.
0<t<T] zEM

By Theorem 5, we know 77 > T7. By Lemma 6, we get

e = B(u(T}): BY () < CEQu(0): BYh(x)) + S + EVIL | o

R4 R?
ca cr)  CVTY
- 2 R4 R?
cBa, I
— 4 e R4
This implies T} > T] > O(R*¢2). O

4. EXISTENCE RESULTS AND BEHAVIOR OF SOLUTIONS NEAR SINGULARITIES

In this section, we show the existence of the global weak solution of the extrinsic bihar-
monic map flow, which is regular with the exception of at most finitely many time slices. We
also study the behavior of the solution near its singularities. Moreover, we get the existence
of biharmonic maps with a fixed Dirichlet boundary data. Both Theorem 1 and Theorem 2
will be proved in this section.
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Proof of Theorem 1. Step 1. From [19] and [1] we see that there exists a sequence of
maps ¢; € C4+*(M, N) such that ¢; = g,0,¢; = h on OM, and

¢y — ug strongly in WH%(M, N).

Step 2. The short-time existence. Since ¢; — ug in W22(M, N), there exists a R € (0, %)

such that
2,12 4 5 N1 2
swswp ([ oo ([ vartdnt) <4
I zeM \JBygr(z) Bar(z)

where €3 is given in Lemma 7. By the short-time existence theory in [9], there exist 7} > 0
and u; € C4F1*+% (M x [0,7;), N) which solves (1.3) with the boundary-initial data (g, h).
Then Lemma 7 implies that T} > O(R*€?) and Theorem 5 implies that we have uniformly
Cfota’H% estimates of u; in M x (0, O(R*?)]. Hence we may assume that u; converges to
u weakly in W22(M, N), strongly in W12(M, N) and in C*T1*+% (M x [p, O(R*?)], N)
for any p > 0. It is clear that u € C;lota’1+%(M x (0,0(R%?)),N) is a classical solution
of (1.3). The short-time existence theory guarantees the existence of a solution to (1.3)

using u(O(R*€?)) as the new initial data so that the solution can be continued to a larger
time interval. Assume that 7} is the maximum time interval such that u € ) F "% (M x

loc
(0,71), N) solves (1.3)-(1.6). Repeating this argument, the solution can be continued until
the first time of energy concentration excels €1, that is, the condition
4.1 lim lim sup E(u(t), B,.(x)) > €
(41) i im sup E(u(t), B, (x)) > e

reaches. Set

(4.2) S(Ty) = {(%Tl) | 2 € M, lim limsup E(u(t), B,(z)) > 61}7

r—0 1T
which is called as the singularity set of w at time Tj. It is an open question if S(77) is a
finite set.

Step 3. Behavior of the solution u near its first singular time 77. By the standard blowup
argument, there exist sequences t} STy, x} — z9 € M, and 7} — 0 such that

(4.3) E(u(t}), BM (z})) = sup E(u(t), BM(z)) = %7
: (2,t) €M X [T — 62 ,t}] 0
Tgril

where Cj is a positive constant to be determined later. Assume that By,1(x¢) is covered by
1

%

constained in M and let Cy = m, then we see that

sup  E(u(t); By (w0)) < 1.
T, —82<t<T ‘

m balls of radius r

By Lemma 6, for any 71 — §% < s <t} < Ty, we have

th—s th—s
(1Y +C e +C(r})>.

Eu(t}); BY (x0)) < CE(u(s); BY, (x0)) + C

Set T = . Then we have

€1
16C2C3

(4.4) Blu(s); BYfy (10)) > 5560




HEAT FLOW OF EXTRINSIC BIHARMONIC MAPS 19

for any s € [t} — T(r})*, t}], when i is sufficiently large.
dist(z}, OM
Case 1. h?i, igp % — 00. By passing to a subsequence, we may assume
g i

e 1
lim dlbt(l‘ll, oOM)
i—00 T

— OQ.

Assume t] — % > Ty — 6% and define
B; = {z € Rz} +rlx € B} (20)},

and
52
vi(z,t) = u(x} +rlix,tt + (rH%), Vo € By, —4( i <t<0
T
It is easy to see that B; — R* as i — oo. Then v; satisfies
(45) Oyv; + AQUZ‘ = —f(vi),
along with the boundary condition
(46) vi(e,t) = gla +riz), if @i +rieeoM;
) Oyvi(w,t) = rih(z} +rlz), if wx}+rlredM.
By Lemma 2, we have
0 t!
(4.7 / / |0yv;|* daxdt < / / |Opul® dvgdt — 0 as i — oo,
-7JB; tr—(rHaT J M
and
(4.8) sup E(v;,B;)) < sup E(u) <C.
2 )4 <t<0 T1—62<t<Ty
4

By (4.3), we can see that

sup sup E(v;, Bi(x) N B;) < sup  B(u(t), By(z) = 5.
~T<t<02€B; (w,t) €M X [T 52 11] 2Co
rgr}

Hence, for any = € R*, when i is sufficiently large, we have

4.9 sup FE(v;, B

(19) s (. By@) < 5

Combining (4.9) with Theorem 5, we have

(4.10) sup [|vi(, )| care By o)) < O
—L<<0

which yields
(4.11) sup |Jvi(+,t)||cata(pr) < C(R), ¥V R > 0.

T
—T<t<0

From (4.7) and (4.11), we can find o; € [~1,0] such that as i — oo, there holds

(4.12) / |0y | (x, 03) dz — 0
B;
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and

(413) ||Ui(.’o-i)||cl4;°‘(R4) S O

Therefore, there exists a subsequence of v;(-,0;) and a limit map v € C*(R*, N) such that
(4.14) vi(-,0;) = v in C*Bg), VR >0.

Setting ¢t = o, in the equation (4.5) and letting i — oo, it is easy to see that v is a biharmonic
map with

€1 4
< E(v;RY) < C,
acc, = PR <
where the above inequality follows from (4.4) and (4.8). Taking t! + (r})%o; as the new time
sequence, then we get that

wi(x) =vi(z,0;) = u(acz1 + rila:,t% + (T})‘lai)

is the desired sequence in the theorem.

dist(x},0OM)
pP—"7T —

Case 2. limsu < o00. After taking a subsequence, we may assume that

1—>00 i
w%aasi%oo. Then
B; — R} .= {(x',x4)|x4 > —a},

where ' := (!, 22, 2°) € R®. Noting that for any x € {2* = —a}, 2} +r}2 — zo. Moreover,
(4.15) vi(w, 1) = g(a +riz), if wi+rieedM;

' ovi(x,t) =rih(xl +rlx), if al+rlzeoM.
By Theorem 5 and (4.3), for any Bg(0) C R* R > 0, we have
(416) sup ||Ui('7t)||C4+“‘(BR(O)F‘|B7¢) S C

—L<t<0

Using a similar argument as in Case 1, we can obtain v € C*(R%, N) satisfying

€1

4.1
(4.17) 2CCy

< E(’U;Ri) <C,

and a sequence o; € [—Z, 0] such that as i — oo, there hold

(4.18) [0i(, 04) = vllcs(BinBR(0) = 0,
for any R > 0. Moreover, v is a biharmonic map with the boundary condition
— R4’
(419) ,U(x) g(‘ro)? on 8 Z?
dyv(z) =0, on ORj.

Step 4. Global existence of weak solutions. Let (zo,T1) € S(T1) be as in Step 3. Then we
claim

(4.20) lim limsup/ |Au(-, ) > dz > €.
=0 1T JB(20)
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In fact, by (4.14), (4.18) and Theorem 4, we have

€2 < lim |Av|?dx = lim lim |Av;|2(-, 05)dx
R—o00 BR(O) R—o00 i—00 BR(O)
= lim lim |Au?(-, t; + riog)da

R—00 i—00 By, r(x:)
< lim limsup/ |Au(-, t)]*dz.
=0 ¢ JB,(20)
Next, we claim that there is a unique weak limit u(-, Ty) € W%2(M, N) such that
tl%rqrﬂl u(-,t) = u(-, Ty) weakly in W*2(M, N).
In fact, by Lemma 2, for any sequence t; — T, there exists a subsequence (also denoted
by t;) such that u(-,t;) — u(-, Ty) weakly in W22(M) as i — co. So, we just need to show

the weak limit wu(-,7}) is independent of the choice of the time sequences. Let s; — T} be
another time sequence and the corresponding weak limit @(-,77). Note that

u(-, Ty) = a(, 1) da
M

(4.21) = /M<u(-,T1) —u(-,Th),u(-, Th) —u(-,ti)>dx+/ (u(-,Th) —u(-, 1), ul-, )

M

—u(-,8;))ydx + /M<u(~,T1) —a(,T1),u(-,s;) —u(-,T1)) dz.

ti
/|u<o,ti>fu<-,si>|2dz:/ |/ @dtmswuu/ 1212 g,
M M Js, Ot Mt Ot

0 - .
/ |8—1:|2dxdt < C (see Lemma 2), u(-,t;) — u(-,T1), u(-,s;) — u(-,T1) weakly in
MT1
W?22(M) by sending i — oo in (4.21), we obtain

[ i) a1 de =o.
M

Thus u(-,T1) = u(-,T1). It is easy to see that

/\Au(~,T1)\2dx§/ |Aug|® dz — €3.
M M

Now we use u(-,T7) as the initial condition and (g, h) as the boundary condition to extend the
above solution beyond T} to obtain a weak solution u : M x (0,73) — N for some T5 > T} by
piecing together the solutions at 7. Then we see that u € Cfota’H% (M x((0,T2)\{T1}), N).
Iterating this process, we obtain a global solution defined on M x [0,00). Let {T}}X , be

all the possible singular times. Then we have

/ |Au(-, T ) |* do < liminf/ |Au(-,t)[* de — €3
M tit Tk Jup

Since

< / |Aug|* de — Ke,
M
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which implies

K < Joy 1Auo|? da

€
Hence there are at most finitely many singular time slices.
Step 5. Uniqueness. The only thing left to be proven is uniqueness and we only need
to prove uniqueness of the short time solution constructed above and the full uniqueness
follows by iteration. Let u,v : [0,t9) — N be two constructed smooth (for ¢t > 0) solutions
and set w := u —v. Then

Opw + A%w = f(u) = f(v)
VPu#Vu + Vu#V2u + V2u#Vug#Vu + Vu#Vug VugVu
— (VPu# Vv + V2o# V0 + V2o#EVo# VY + VoEVu#EVo# V).
Multiply this equation with w and integrate over (0,s) x M. By partial integration (w =

O,w = 0 on OM for any ¢t € (0,s)), we can get rid of derivatives of order > 2 (cf. [5]).
Simplifying terms by using Young’s inequality we get

1
1 / o) 2 + / A
2 M MS

2 2
gcz/ lw[?(|VFu| + [VFu[) ® +cz/ IVw|?(|VFu| + |VFo))
(4.22) k=17M° k=1"7M?
1 2-1

+CZZ/ V20| |Viw|(|VFu| + [VF]) F
1=0 k=1"M"
Z=I4+I5—|—Iﬁ.

To make it more clear how the above inequality is obtained, let us give the details of the
estimates of the highest order term of (f(u) — f(v))w (we denote it by p(u) - V3u - Vu) as
follows.

A ) (o(u) - V3u - Vu — p(v) - V3v - Vo)w
= [ olu) = ¢() VP Tut o) our- Vu+ o(0) - V0 Vulu

= V2u#NVwH#Vudw + V2u#EVuVH#Hw? + V2w#EVu#EVo#w + V2w#V3u#w
Ms

+ V2w#Vu#Vw + V2o#Vo#VwHw + V2o#V2w#Hw + V2o#Vw#Vw
<Iy+ Is + I,

where
o(u) - V3u - Vu := wgg(u) . ijkuA -Viu®P
and the last inequality follows from Young’s inequality and following property

[V¥el < C(N) and  [p(u) = ¢(v)] < C(N)(u—v).
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In the following, let’s estimate the right hand side of (4.22). By Holder’s inequality, the
Sobolev inequality, the Poincaré inequality and partial integration, we get

[ kvl + (9o
s(/Ms le“)%(/ ) IVul® + |Vo[®)?
so(/ Vulf + [Volf) l/ /|vw|2+|w|))%

(4.23) SC(/ IVl + [Vol*) / /|Vw| )3
<[ wap 1w [ P [ et

SC(/ |Vul® + | Vol®) % ( sup / |w(t) %/ \V2w|2)%
MS s

E,s

sc</ Vul® + Vo) ( sup / () + / V2ul?),
M te(0,s) Ms

and similarly we have

|

/ (V2] + [V20])?

Ms

sc</ V2l + (V20 E( sup / ()2 + / V2u?).
Ms

te(0,s)

(4.24)

Now let’s estimate I5 term by term,

/ \Vw\2|Vu\2:—/ wAw|Vu|2—/ wVwVu - Viu
M M M

1
Se/ \v2w|2+0(e)/ w2|Vu|4+f/ |Vw|2|Vu|2+/ w?|V2ul2.
MS MS 2 MS MS

Therefore we get
/ V|Vl §e/ |V2w|2+0(e)/ w2|Vu|4+/ w?|V2ul2.
M M M M
Thus by (4.23) and (4.24) we have
| 19w(val +vop)
MS

< / V4 CO( [Vl + Vo) ([ VRl V)
Ms Ms Ms

( sup / lw(t)|* + / |V2w]?).
tG(Os) s
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In addition,
/ |Vw|?|V2u| = —/ wAw|V2ul —/ wVw - V|V2u|
MS s e

< e/ |V2w|* + C(e)/ w?|V2ul? — E

1
:e/ |V2w\2+C(e)/ w2|V2u|2—|—§/ w? A| V2|
<o Wukrc@ [ wvrro(f whif vt
<o ko s [ eoP+ [ v
s te(0,s) Ms
+C(/ |V4ul?)7 ( sup / lw(t)|® + / V2w|?).
Ms te(0,s) s

| 19wP(v2al + 92
Ms

< e / |v2w|2+c<e></ V2t 1 V2] ( sup / () + / V2u?)
Ms s te(0,s) Ms
o[ [Pt [P+ [ vte)
Ms te(0,s)

In summation of the above estimates we have

I5§e/ |V2w|2+C(e)(/ Val® + |Vol*) ¥ ( Sup/|w )2 + / V2w2)
Ms Ms s

te(0,s)

Vw? - V|V2y|
Ms

Thus we get

(4.25) + 0@ v+ s [ ol + [ 9Pl

te(0,s)

wo([ Wi [ @R+ [ vt
M te(0,s) Ms

We are left to estimate the last summation Is in (4.22). Note that by Young’s inequality
(4.26) Is < e/ |V2w|? + C(e)(Iy + I5).

Therefore from inequalities (4.22)-(4.26) we obtain

| R+ [ s

§6/ \v2w|2+c<e)(/ Val® + [Vol®) ¥ ( Sup/\w 2 + / V2u0[?)
Ms s

tE(O s)

+c<e></ V2t + V20l ( sup / ()] + / V)
MS S

te(0,s)

+c<e></ Vhul? + [V ( sup / () + / V2w]?).
MS S

te(0,s)
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By the standard elliptic estimate, noting that w = 0 on M, we have [, |Vw|?

C [, 1Aw[?. Choosing € = 5, we obtain

[+ [ vt

sc</ Vul® + (Vo) ( sup / o ()? + / V2ul?)
M yJm Ms

te(0,s

IN

v vt v s [ e+ [ v
£l M Ms

te(0,s)

+C(/ V4 + [V40[2)E ( sup / () + / V2u?).
M M M

te(0,s)

Hence for solutions u,v € V(M) by the interpolation inequalities of Lemma 1 we see that
we can choose s small enough such that C(f,,, |[Vul® + IVol®)z, C( [y IV2ul* + |V20[4)3
and C( [}, [V*ul* + |V4v[2)2 are all smaller than 1. Without loss of generality, we assume

that
sup / o (t)? = / o (s)
te[0,s] J M M

Hence we obtain that supyc(o g [, [w(t)[* =0, i.e., u = v on [0, s). O

Proof of Theorem 2. By Theorem 1, we see that there exists a time sequence {t;},
t; — +oo as i — 400, such that %Z") — 0 in L2(M, N) and u(-,t;) converges weakly in
W22(M, N) to amap us € W22(M, N) with Dirichlet boundary data u = g and d,u = h on
OM, where g € C*+*(OM, N) and h € C3+*(OM,T,N). Denote u(t;) = u; and g; = — 2%

ot *
then A%u; + f(u;) = g;. Note that g; — 0 in L?(M, N) and hence in (W?2(M, N))*, by the
weak compactness theorem of Zheng [27], we see that u., € W?2(M, N) is a biharmonic
map. Then we see that u € C**1+% (M, N) by the interior regularity theorem of Wang
[24] and boundary regularity theorem of Lamm and Wang [13]. O
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